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Abstract

In the present work we establish an energy quantization (or energy identity) result for solutions
to scaling invariant variational problems in dimension 4 which includes biharmonic maps (extrinsic
and intrinsic). To that aim we first establish an angular energy quantization for solutions to critical
linear 4th order elliptic systems with antisymmetric potentials. The method is inspired by the one
introduced by the authors previously in [LaR] for 2nd order problems.

Introduction

Let N be a C® closed submanifold of R* (i.e. N is compact without boundary). Let B; the unit ball of
R"™ and u € WH2(By, N) then we can define the Dirichlet energy of u as

1
D(u) = 5/}3 |Vul|? d.

The critical points of D are the so called harmonic maps for which an extensive theory has been developed.
In particular, when n = 2 since in that case the functional is conformally invariant, it has been proved
that the harmonic maps have some special properties, in particular an energy quantization for sequences
of bounded energy, see [Pa] for instance.

In this paper, we consider still quadratic scaling invariant problems but in dimension n = 4 this time.
In that case, there are several ways to define an equivalent of the Dirichlet functional. Since we look for a
scaling invariant quadratic functional the gradient has to be replaced by some expression involving second
derivatives. The simplest example is given by

1
E(u) = Z/B |Au|? d.

The critical point of this functional are called extrinsic biharmonic maps. The term extrinsic comes from
the fact that this functional (and consequently its critical points) depends on the choice of the embedding
of N into R¥. Trying to remedy to this lack of intrinsic nature of the problem, one can instead consider
the following functional

I =1 [ IR

where (Au)T is the projection of Au onto T, N (Indeed (Au)T :=3", Dg,, Oz, u where D is the pull back
by wu of the Levi-Civita connection V on N for the induced metric). The critical point of I will be called
intrinsic biharmonic maps. One can further introduce other functionals sharing similar properties and we
refer to [Mo] for more examples. The Euler Lagrange equations satisfied by the biharmonic maps have



been computed in particular in [Wa2]. One shows that u € W22(By, N) is an extrinsic (resp. intrinsic)
biharmonic map if and only if u satisfies

T.(u) = A%u — A(B(u)(Vu, Vu)) — 2V - (Au, VP(u)) + (A(P(u)), Au) = 0,
respectively

Ti(u) = A%u — A(B(u)(Vu, Vu)) — 2V - (Au, VP(u)) + (A(P(u)), Au)
— P(u) (B(u)(Vu, Vu)V, B(u)(Vu, Vu)) — 2B(u) (Vu, Vu) B(u)(Vu, VP(u)) = 0,

where P and B are the orthogonal projection onto T,, N and the second fundamental form of N'. Since
our result applies indistinctly to extrinsic as well as to intrinsic biharmonic maps, except when it is
necessary, in what follow we will indifferently employ the denomination biharmonic map for
both extrinsic biharmonic map and intrinsic biharmonic map. We observe that these equations
are of the form,
APy = Z Co(u) 0% u 0% u 03 u 0*u,
Qi+ tag=4
0<a; <4

which make them critical in dimension 4 for W22 in the sense that classical LP-theory can be directly
applied to this equation for proving regularity or compactness results assuming u is in WP (B;) with
p > 2 but such an approach fails in W22, The critical nature of an elliptic problem is characterized by
possible loss of compactness at isolated points. In order to fully describe this concentration-compactness
phenomenon one has to understand ”how much” energy is lost at these isolated points. Energy quantization
means that the energy lost corresponds exactly to the sum of the energies of the so called bubbles - or
rescaled elementary solutions on S* - concentrating at these points. The word quantization refers to the
fact that the bubbles cannot have arbitrary small energy and in some problems it is even known that they
can realize only a discrete set of values.

Our main result in this paper is the energy quantization result for biharmonic maps. In fact we are
proving something stronger considering more generally sequences of approximate solutions of biharmonic
maps. To that aim we need the following definition.

Definition 0.1. Let N be a C3-submanifold of R¥, p > 1, f € LP(B1,R*) and v € W22(By,N). u is
f-approxzimate biharmonic maps if u satisfies

Ti(u) = f or Te(u) = f.

The reason why we need N at least C? is made clear in sectionl when we rewrite the equation in term
of orthogonal projections onto T, N. Hence, we are in position to sate our main result.

Theorem 0.1. Let N be a C3-submanifold of R*, p > 1, f, € LP(B1,R*) and u, € W?2(By,N) be a
sequence of fn-approximate biharmonic maps with bounded energy, i.e.

/ (IV2un? + [Vaal* + |ful?) dz < M. (1)

B1

Then there exists f € LP(B1,R¥), us, € W21 (B, N) a f-approzimate bihamonic map and

i) wh,...,w! some biharmonic maps of R* to N,
i) al,...,al a family of converging sequences of points of By,
i) AL, ... AL a family of sequences of positive reals converging all to zero,

1see section 1 for precise definitions



such that, up to a subsequence,

2p

Uy, — Uoo N WZQO’;I(Bl \{al,....d\ }) forallq < 5 if p <2, for any q otherwise,

+
L}, (B1)

— 0,

l l
\V& (unume;> V(unumeﬁJ
i=1 i=1

where w!, = w'(a’, + A, .). Moreover, if N is C'*3 and f,, is bounded in C'"(By,RF) then the convergence
of Up, t0 Uso is in CF4Y(By\ {al,,...,d }) for any 0 < v <.

L4

loc

(B1)

Observe that for a sequence of biharmonic maps into a smooth manifold the convergence holds in
CPe.. Such a result was already known for intrinsic biharmonic maps, see [HP1] and [HP2], or for extrinsic
biharmonic maps into a sphere, see [Wad]. Here, the method employed seems particularly robust since
it can be applied equally for both extrinsic and intrinsic biharmonic maps but it applies moreover to a
larger class of scaling invariant problems. As an illustration of this fact we prove that the method applies

to the following general lagrangians

/ (|Aul? dz + u*Q) or/ ([(Auw)" P dz + u* Q) (2)
B,

B,

where € is an arbitrary smooth 4-form of R*.

The method we use goes first through the proof of an angular energy quantization result? for sequences
of solutions to the general critical 4th order elliptic system system with antisymmetric potentials intro-
duced by Lamm and Riviere [LR]. We follow in fact the approach that we originally introduced in [LaR]
for second order problems. We have good reasons to think that the method could further be extended
for proving a general energy quantization result for polyharmonic maps in critical dimension, (see the
e-regularity for polyharmonic maps in [GSZG] and [GasSch] for the general case, see also [Ru]).

As an immediate consequence of theorem 0.1, we get the asymptotic behavior of biharmonic maps
flow. A weak solution to the extrinsic biharmonic map flow is a map u € W22([0, +-00[x By, V) satisfying

%; + A%u = A(B(u)(Vu, Vu)) + 2V - (Au, VP(u)) — (A(P(u)), Au) on [0, +oo[x By

u=wup on {0} x By

3)

where ug € W22(By, N). Several existence results have been established for (3), see for instance [Lam] for
small initial data or [Gas] and [Wa3] for solution with finitely many singular times and arbitrary initial
data. All these solutions satisfy the energy identity

),

Corollary 0.1. Let N be a C3-submanifold of R¥ and ug € W21(By, N) and u € W?2([0, +00[x By, N)
be a global solution of (3) satisfying the energy inequality (4). Then there exist t,, a sequence of positive
real such that t, — 400, a biharmonic map us € W21 (B1,N), l € N, w!, ... ,w! some biharmonic maps
of R* to N and al, ..., dl, a family of of points of By converging to al,, ..., a., , such that

00 s Yoo )

2
Ou dxdt —l—/ |Au|? dx < / |Aug|? dz for all T > 0. (4)
8t B B

Uty ) — U on WEP(By \ {al,...,al.}) for allp > 1

2see the end of section 4 for a precise statement



and

— 0,
L} (B1)

+
L? (B1)

!
\Y <u(tm D) = Uso — Zw%)

where w!, = w(al, + \!,.).

l
\Y% <u(tn, D) = Uso — Zw%)

i=1

In fact, thanks to (4), we easily prove that there exists ¢,, such that wu(t,, .) satisfies the hypothesis of
theorem 0.1 with p = 2.

The paper is organized as follows: in section 1, we rewrite the equations in order to apply the theory
of Lamm and Riviere, in section 2 we recall the main results of Lamm and Riviere and we prove an
e-regularity result for biharmonic maps, in section 3 we derive the key estimate in Lorentz space for the
angular derivatives in a annular region of arbitrary conformal type, finally in section 4 we prove our main
result postponing technical result to section 5 and 6.

Acknowledgements : This work was initiated as the first author was visiting the Forschungsinstituts
fiir Mathematik at E.T.H. (Zurich). He would like to thank the institute for its hospitality and the
excellent working conditions.

1 Biharmonic equation in normal form

Let N C R* be a C3-submanifold, there exists § > 0 such that II : N5 — N, the nearest point projection
map, is well defined and C®, where N5 = {y € R¥ |d(y, N) < }. Let, for y € N, P(y) = VI(y) : R* —
T,N be the orthogonal projection, and P*(y) = Id — VII(y) : R — (T, N)*. In the following, we will
write P(resp. P1) instead of P(y)(resp. P*(y)) and we will identify these linear transformations with
their matrix representations in Mj. We also note that these projections are in C? and therefore their
composition with u, that we keep denoting respectively P and P+, are in W%2(By, M},) as soon as u is
in W22(By, N) . Finally, let B(.)(.,.) be the second fundamental form of N C R*, which is defined by

B(y)(Y,Z) = DyP*(y)(Z), Yy € N,Y, Z € T, N.
We know that, see [Wal], that u € W22(By, N) is an extrinsic biharmonic map if and only if
A%y L T, N almost everywhere,

which can be rewritten as follows
A%y = PtA%y
= div(P*VAu) — VPV Au.
Then we rewrite the second term of the right hand side as follows
VP+VAu=VP+P+*VAu+ VPLPVAu
= VP*P'VAu— PLVPVAu (6)
= 2VP+P+*VAu+ (VPP+ — P-VP)VAu.
But
2VP*PLVAu = 2VPL PV Au — 2VPLVdiv(PVu)
= —2VPLVPAu + 2div(VPH(VPVu)) — 2AP+V PV



Thanks to (5), (6) and (7), we get

A?u = div(PtVAu) — div(2VPH(VP1Vu))
+2VPHVP-Au+ 2APV PV
— (VPP* - PLVP)VAu
= A(P+Au) — div(VPAu + 2VPH (VP V)
+2VPEV P Au+ 2APV PV
— (VPP* — PLVP)VAu,
which finally gives the equation of extrinsic biharmonic maps
Ay = —A(VPVu) — div(V P Au)
4+ 2VPLV(VPLVu) + 2VPEV P Au (8)
— (VPP+ — PLVP)VAu.
For intrinsic biharmonic maps, we need to add some tangent terms, see [Wa2] for details, which gives
A%y = —A(VPVu) — div(VP*Au)
+2VPLV(VPLVu) + 2VPEV P Au
— (VPP+ — PAVP)VAu (9)
+ P (VP+VuV(VPVu))
+2VPEVuVPEVP.
Proposition 1.1. The equation (8) and (9) can be rewritten in the form
Ay = A(VVu) + div(wVu) + VwVu + FVu, (10)

where V€ WH2(By, My, @ A'RY), w € L*(B1, M), w € L*(By,sox) and F € L? - W12(By, M @ A'R?)
with

V| < ClVul
|F| < C|Vul (|V?u| + [Vul?) almost everywhere (11)
w| + |w| < C (1V?u| + [Vul?)

where C' is a positive constant which depends only on N .
Proof of proposition 1.1:
We give a proof for equation (8), the intrinsic case will follow easily.
From the one hand, we proceed to the following Hodge decomposition
dPP+ — PYdP = da + d* B,
where a € W2(By,s0), 8 € Wy?(By, A2(R*) ® M},). Hence o and § satisfy

Aa = APP+ — PLAP,



and
AB =dP A dP+ — dP* A dP.

4
Then o € W22(By,s0;), d* 3 € Wg’(s’l)(Bl,AQ(R‘l) ® M) and we get

(VPP* — PAVP)VAu = dAaVu + Ad*BVu + A((VPP+ — PEVP)Vu)
—2div(V(VPP+ — PLVP)Vu)
= Vwi1Vu+ FiVu + A(V1Vu) + div(wi Vu),

with wy € LQ(Bl,SOk), P e L2~W1’2(B1,Mk®A1R4), Vi e WI’Q(Bh Mk®A1R4) and wy € LQ(Bl,Mk).
From the other hand, we have
2VPLV(VPLVu) = F,Vu,

with F} = 2227 V(VP-Vu) € L2 - W2(By, My @ A'R*) and

2VPLVPAu = F3Vu,

with Fi = 268}:; VP+Au e L? - Wh2(By, M;, ® A'R*), which achieves the proof. O

For general Lagrangian of the form (2), the equation becomes,

ou Ou Ou Ou ou Ou Ou Ou
Te :H 8. 'qa. a9 o Te :H a9 v v a_ 2o |
(U) (8.’131 8$2 8$3 8.134) or (U) (8%‘1 8332 6.133 8$4)
where H is the 4-form on R* into R* defined by
dQUU, V,W,X,Y) = UiHi(V,VV,X,Y) foral U, V,W, XY € RE.

Hence we have

H(@u ou Ou Ou

- = 2= 2\ _F
51'17 8.227 8%3’ 8%4) VU7

with F € L2 - WY2(By, M, @ AIRY).

2 Preliminaries

First, we recall the main result of [LR] that provides a divergence form to elliptic 4th order system of
the kind (10) under small energy assumption. This will be one of the main tools in order to obtain the
estimate needed for the energy quantization.

Theorem 2.1 (Theorem 1.4 [LR]). There exists ¢ > 0 and C > 0 depending only on N, such that
the following holds: Let V. € WY2(By, My ® A'R*), w € L*(B;,My), w € L*(Bi,so;) and F €
L? - WY2(By, My @ A'R*) such that

Vilwrz + [lwlle + llwllz + 1 Fllz2w2 <,
then, there exists A € L N W22(By,Gly) and B € Wh3(By, My @ A2R*) such that
VAA+ AAV —VAw+ A(Vw + F) = curlB,

and
[Allwz22 + d(A, SOR) + IBl 1.4 < C UV IIwre + lwllz + [lwll2 + 1] L2.wr2) -



Thanks to the previous theorem, we are in position to rewrite equations of the form (10) in divergence
form.

Theorem 2.2 (Theorem 1.2 and 1.4 [LR]). There ezists € > 0 and C > 0 depending only on N, such
that if u € W22(By,RF) satisfies

A?u = A(VVu) + div(wVu) + VwVu + FVu + f,
where V€ WY2(By, M, ® A'R*), w € L?(By, My), w € L*(By,s01), F € L? - WH2(By, My @ A'R*)

and f € LY(By,R*) with
VIiwre + w2 + llwllz + | FllL2wre <e,

then, there exists A € L™ N W22(By,Gly) and B € Wb (By, My @ A2R*) such that
[Allw22 +d(A,SOn) + || Bl 1.4 < C([VIlwe + lwllz + [lwllz + [1F]|L2.w2)

and
A(AAu) = div (2VAAu — AAVu + AwVu + VA(VVu) — AV(VVu) — BVu) + Af.

A first consequence of the previous theorem, is the e-regularity for biharmonic maps. It can also be
compared with the corresponding result established for second order problems in theorem 3.2 of [LaR].

Theorem 2.3. Let p > 1, there exists € > 0 and C, > 0 such that then

1. (e-regularity) If u € W22(B1,RF), f € LP(By,R¥), V.€ WL2(By, M}, @ A'RY), w € L?(By, My,),
w € L?(By,s0;) and F € L? - WH2(By, My @ A'R*) satisfy (11) and

IV2ullz2 + [[Vulls <,
with u a solution of
A*u = A(VVu) + div(wVu) + VwVu + FVu + f on By,

then we have u € Wz’ﬁ(B%,]Rk), where p = % ifp<2else any p > 2 and

19500 (5, ) 170 () = G (19l + [l + 1)

Moreover, if N is smooth and f € Cb" for 1 € N and n > 0 then we can replace WP by C'4m,

2. (Energy gap) If u € W22(RY RF), f € LP(R*,R*), V € WL2(RY, M;, @ A'RY), w € L2(R*, My),
w € L*(R%,s0) and F € L? - WH2(R* M, @ A'R?) satisfy (11) and

IV2ullz + [Vulla <,
with w a solution of
A?u = A(VVu) + div(wVu) + VwVu + FVu on R,
then u is identically equal to zero.

The proof of theorem 2.3 could be achieved almost following lemma 3.1 of [LR]. We give however an
independent proof of this fact that sheds new lights on the problem.



Proof of theorem 2.3:

Let 0 < & < 1 such that, thanks to (11), hypothesis of theorem 2.2 are satisfied. Then we can rewrite

our equation as
A(AAu) = div(K) + Af,

where A € L® NW22(By,Gl;) and K € L*- W12 C L3 satisfy
[Allwz2 +d(A,SO0) + K|, 4., < C (IV?ull2 + [Valla + [[VIIwrz + [lwllz + w2 + [|F]| 2.2 )

where C' is independent of u.

Let p€ By and 0 <p < 1. We decompose AAu on B,(p) as AAu = C + D where C € W, %(B,(p))
and D € W12(B,(p)). Then C satisfies

AC = div(K)+ Af on B,(p)
and D satisfies
AD =0 on B,(p).
Thanks to the standard LP-theory and Sobolev embeddings, we get

1
4(p—1)

: 4(p—1) 3
[ icpds) <oy 40t |f||p)sc<s||v2u|2+||Vu||2+p g ||f||p), (12)
B, (p) 14

where C is a positive constant in dependent of w.

Using the fact that D is harmonic, we have that J — ﬁ I} Bs, () |D|? dz is an increasing function and
I3
hence for all § €]0, 1] we deduce,

/ |D|? dx < 54/ |D|? du. (13)
Bg,,(p) B,(p)

We then decompose u as follows : u = E 4 F where E € W, *(B,(p)) and F € W'4(B,(p)) satisfy
AE = A7Y(C + D) on B,(p)

and F' satisfies
AF =0on B,(p).

Thanks to the standard LP-theory and Sobolev embeddings, we get

, 3 3
(/ |VE2da:> <c (/ |02da:> +</ |D|2dx> . (14)
P \/B,(p) B,(p) B,(p)

where C' is a positive constant in dependent of u.

1
2

The function § — = [ |VF|? dx is increasing since F' is harmonic and we have again, for all
(6p)* JBs,(p)

§ €]0,1],
1

52
2 2
e /Bsp(p)wﬂ d < pz/Bp(p)|VF| de. (15)



Then, thanks to (12), (13), (14) and (15), for ¢ and e small enough (with respect to some constant
independent of u), we have

1 1 1 Ap=1)
V2ul? + Vu2)dx</ <V2u2+Vu2>dx+C5  ||f>
[ (s piwne) ar< g [ (12 o 112

Iterating this inequality gives the following Morrey type estimate : there exists a > 0 and C' > 0 such

that
Ca 1
w ([ (|v2u|2+2|w|2> dz | < Clf,
pEB%,0<p<% B, (p) p

sup pfa/ |A%uldz < O f]l,-
By (p)

1
pEB% 70<,0<§

Then

Then a classical estimate on Riesz potentials gives, for all p € B 1
1
|Aul(p) < (Cllfllp)W #xm, [A%] + C|Vull2(5,),
1
[Vul(p) < (C”f”p)m *XB, |A%u] + O Vull 2 (8,),

where xp, is the characteristic function of the ball B;. Together with injections proved by Adams in
2
[Ad], see also 6.1.6 of [Gral, the latter shows that

1950, (5, 170 ) O Ul [P+ 190l

%
for some 7 > 1. Then bootstrapping this estimate, we get
Hv%”mgi) +IVullzos,) < O (£l + IV2ull2 + [[Vulla)

where p is the limiting exponent of the bootstrapping given by the Sobolev injection of W?2? into L? if
p < 2. Indeed, thanks to (11), the only limiting term for the bootstrap is the regularity of f.

Now, we can easily derive the proof of the energy gap. Indeed, thanks to the previous estimate, we
easily see that for some g > 2 we get

[[ul[w=2
||v2u||L‘I(BR) + HVUHLZ‘I(BR) < Cﬁfor all R > 0,

which proves that u = 0. ]

3 Uniform estimate in annular region

In this section, we derive a strong estimate for angular derivatives in an annular region independently of
the conformal class.

Theorem 3.1. There exist € > 0 and C > 0 depending only on k, such that if 0 < r < i, p>1 and
u € W22(By \ B,,R¥) satisfies

A?u = A(VVu) + div(wVu) + VwVu + FVu + f,



where V.€ WH2(By \ B, M}, @ A'R*), w € L*(By \ B, My), w € L?>(By \ B,,sox), F € L? - W'2(By \
By, My @ A'R*) and f € LP(By,RF) with

Vlwrz + llwllz + llwlle + [|FllL2.w2 <,

then

|V V| < C(L+ IV?ull 2B, + IVl La gy + 1o Bos))

L2‘1<Bi\B4r)
where VI f =V f — %%.

Proof of theorem 8.1:

Using some Whitney extension theorem, we see that there exist V € W12(By, M, @ A'RY), & €
L?(By, My), @ € L*(By,so0) and F € L? - W'2(B;, M, @ A'R*) such that V =V, & = w, @ = w and
F =Fon B;\ B, and i i

[Vilwrz + [[@ll2 + [|@ll2 + [ Fll 2w < 26,

Thanks to theorem 2.1, for 0 < ¢ < % small enough, there exist A € L> N W?22(By,Gl;) and
B € WD (By) such that

A4, 8O4) + Al + 1Bl g < C (17w + Il + 18]z + 1 Fll w2

and
VAA+ AAV —VAw+ A(Vw + F) = curlB.

Then we extend u by @ € W22(By) such that
||V2ﬂ||L2(Bl) + Vil pap,) <2 (||V2U||L2(31\BT) + ||VUHL4(Bl\Br)) -

We easily see that @ satisfies
A(AAG) = div(K) + Af on By \ By,

with K = 2VAAG — AAVi + AwVi + VA(VVi) — AV(VVi) — BVi € L3 (By) such that
1K, s < C A+ IV2ullzaig,) + IVullLass,))
Then, we extend Af by f € L?(By) such that
1£1lp < 21 AL -
Then take D € WOI’% (B1) which satisfies
AD = div(K) + f on By.

Hence, thanks to the standard LP-theory, there exists C' a positive constant independent of 7, such that
1Dll2 < € (1K g0 + 11711y -

Finally, thanks to lemma 5.1, there exists a,b € R¥ and C a positive constant independent of r, such that

b

— W < C|D - AAul,

PRIERTS (16)
<O (14 I9%lle + 1K1 3.0+ 1£1ls) -

HDAAua

10



Hence we have b
div(AVa) = a + EE + Fon B\ By
T
with

||FHL2,1(B1 \Bs ) < C(1+ V?ull2\B,) + IVullLssB,) + 1 fllp) -
2

Let us proceed to the following Hodge decomposition, see corollary 10.5.1 of [IM],
Adi = da+ d* B,

where a € W, *(B1) and 8 € Wh2(B1) satisfy

1 1
2 2

b
Aa:a—i———I—FonB%\Bgr

|z[?

and
AB = dA A du on B%.

From the one hand, we extend F' by Few!? (B%) such that

1] ) < 2||F|2a.

LM(Bl
2

Then, let & € W, (B%) which satisfies

Ad:ﬁ'onB%.

Hence, thanks to the standard bounds for singular integrals on Lorentz spaces, see [Gral, there exists C' a

positive constant independent of r, such that
IV2@ll2,1 < Ol F|l2,1-
Then, thanks to lemma 5.1, there exists C' a positive constant independent of r, such that

VIV (o — ) ) < C|IV¥(a - a)|2

L2t <BL \Bar
4

< C([IFl20 + IV?Bll2 + [VAVl2 + [[AVZal)2) -
From the other hand, thanks to the standard-LP-theory and Sobolev embeddings, we get

Iv25]l (5,) =€ (L+ IV%ull 2 (s, + VUl Lsas,) -
1

2.1

Here we use the injection of W2 into L*2. Finally, thanks to (17), (18), (19) and the fact that
IV Vaul| pon < C (VT AV)]| o + [[VE AV 20 )

we get the desired estimate.

11

(18)



4 Proof of theorem 0.1

First we are going to separate By in three parts: one where u,, converges to a limiting solution, an other
composed of some small neighborhoods where the energy concentrates and where some bubbles blow
and a third part which consists of some neck regions which join the first two parts. This ”bubble-tree”
decomposition is by now classical, see [Pa] for instance, hence we just sketch briefly how to proceed.

Step 1 : Finding the points of concentration

Let €9 be such that the V,w,w and F given by the section 1 satisfy, thanks to (11), the hypothesis
of theorem 2.3 as soon as ||[V2ul|3 + ||[Vu||] < 0. Then, thanks to (1), we easily proved that there exist

finitely many points a',...,a" where

/ (IV?ul* 4+ |Vul*) dz > &g for all 7 > 0. (20)
B(aiv )

Moreover, using theorem 2.3, we prove that there exist f € LP(B;,R*) and a f-approximate biharmonic
maps Us, € W22(By, N) , such that, up to a subsequence,
fo = fin LP(B;,R¥)

and _
Viun = Vg in WEP(By\ {a, ... a"}).

Step 2 : Blow-up around a’

We choose r; > 0 such that

€0

/ (IVuso|* 4 |Vuoe[*) da <
B(as,r:) 4

Then, we define a center of mass of B(a’,r?) with respect to u, in the following way

/ 2%|V2u,|? dx
B(at,r?)

/ |Vu,|? de
B(a®,r?) a=1,...,4

Let A’ be a positive real such that

/ (V2 |2 + |V |*) do = 2.
B(ai,,r)\B(ai, \,) 2

Then we set @', (z) = up,(al, + \iz) and N = B(al,r")\ B(al,\},). Thanks to the conformal invariance,
we easily see that

/ . (IVPEL P+ (vt dx:/ (V2| + |V, |*) do < M
B(O i) B(ai,,rt)

Y
A’IL

and @’, still satisfies the equation of approximate biharmonic maps with the approximation (\i)4 fn which
goes to zero in LP-norm. Let a] be the possible points of concentration of u!, where

/ (VL) + [Vak|*) dz > e for all 7 > 0, (21)
B(al,r)

12



Then, up of a subsequence, for each i,

Vi — Vaul, in Wllo’f(Bl \{al,...,al"}),

(2

where u’, € W22(R%4, N) is a biharmonic map.
Step 3 : Iteration
Two cases have to be considered separately:

Either %, is subject to some concentration phenomenon as (20), and then we find some new points
of concentration, in such a case we apply step 2 to our new concentration points. Or, u;, converges in
W2P(RY) to a non trivial biharmonic map.

Of course this process has to stop, since we are assuming a uniform bound on ||V2u,||2 + || Vun|4
and each step is consuming at least the energy of a non trivial biharmonic map which is bounded from
below thanks to the energy gap proved in theorem 2.3.

Analysis of a neck region:

A neck region is an annullar region which is a union of a finite number of annuli N} = B (al,, uf,) \
B (ail7 )\;) such that

lm pl =
e =0,
lim —2 =0,
k— 400 M%
and
€
/N. (|V2un|2 + |Vun|4) dx < 50 (22)

In order to prove theorem 0.1, we start by proving a weak estimate on the energy of the gradient and the
hessian in the region N},.

First we remark that, for all € > 0, there exists > 0 such that for all p > 0 such that
Bay(ay) \ By(ay,) € Ny (r)

where N} (r) = B (af,rp) \ B (ai /\—"), we have

nd r

/ (IV?un|® + [Vu,|*) de <e . (23)
Bap(ai)\By(al,)

If this is not the case there would exist a sequence p, — 0 such that, up to a subsequence, i,, = u,(al,+pi 2)
converges in W2P(R*\ {0}) to 4o, a non-trivial biharmonic map. Using the fact that the W22-norm of

oo 1s bounded and the Schwartz lemma, we can remove the point singularity. Hence it has to be in fact a
solution on the whole space. Using the energy gap proved in theorem 2.3 we deduce that ., is such that

/ (172002 + |Vtoe|?) daz > e, (24)
N

i
k

which contradicts (22).
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Then for all € > 0, there exists r > 0 such that
V2 unll 2o 35 09y + [Vt | e v o) < € (25)
Indeed, let 0 < &€ < g9 and r > 0 such that, for all
Bsy(ay) \ By(ay,) € Ny (r)

we have

/ (IV?un|® + [Vu,[*) de <e . (26)
Bay(a)\By(a},)

Then,thanks to e-regularity in theorem 2.3, there exist ¢ > 2 and C a positive constant, independent of r
and u, such that for all p > 0 such that

Bay(a)\ By(al) € Ny (5)

and n big enough, we have

4(p—1)

PV ullbas,,8,) + 0 Vullza(s,,08,) < C (VE+ ()5 1fal?)
< Cv/e.
Let A > 0, f(z) = |[V2u(z)| if z € N/:(%) and f = 0 otherwise. For any p > 0, we denote
U\ p) ={x € By, \ B, s.t. f(x) > A}

(27)

Thanks to (27), we have
N|U(X, p)| < CTe? pt=2a,

Let k € Z and j > k, we apply the previous inequality with p = 277A~! and we sum for j > k, which gives
A2|{z € R*\ Bory-1 s.t. f(z) > A} < 2 F(—20) 5 y4—2q,
Hence, for any k € Z, we have

N2|{z e R sit. f(z) > A} <C (2—k<4—2q>g% + 24k) .

. g
Taking 2% ~ £2 we have
q
4

(V2| 200 (i (1)) < C3,
We prove a similar inequality for | Vuy,||p1., and then we have (25).
Finally using theorem 3.1 and the duality for Lorentz spaces, we see that, for all € > 0, there exists

r > 0 such that
||VT(VU)||L2(N,§(T)) <e (28)

Then using the Pohozaev identity (36) for extrinsic biharmonic maps (resp. (37) for intrinsic biharmonic
maps) and the fact that the convergence is strong on the boundary of a neck region, we get that for all
€ > 0, there exists r > 0 such that

IV2ull 2y + IVl o vy < & (29)
Which achieves the proof of theorem 0.1. O

Following step by step the proof of theorem 0.1, we can prove the following theorem about the angular
energy quantization of solution of fourth order elliptic system in the form of Lamm Riviere, [LR].
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Theorem 4.1. Let V,, € WY2(By, M;, ® A'R*), w,, € L?*(B1,My), w, € L?(By,sox), F, € L?-
W2(By, My, @ A'R*) and u,, € W*(B1,R") be a sequence of solutions of

A?u,, = AV, Vuy,) + div(w, Vu,) + Vw,Vu, + F,Vu,, (30)
with bounded energy, i.e.
IV2unll2 + [[Vanlla + [[Vallwrz + lwnllz + llonllz + [ Fall 2wz < M. (31)

Then there exists Voo € WH2(By, M), @ A'R?), ws € L%(B1, My), wee € L?*(Bi,s0), Fs € L? -
Wh2(By, My, @ A'R*) and let us, € W3L(B1,R"™) a solution of

A?Use = A(Vio Vitloo ) + div (oo Vitso ) + Voo Vilae + Foo Viise 0on By,
l e N* and
1. 6%,...,0" a family of solutions to system of the form
A?0" = A(VLVOY) + div(w' 0") + Vw. V' + FL V6" on R*
where VL € WH2(RY, My, @ A'R?Y), wi_ € L?(R*, M), wi, € L*(R*, sox) and
Fi e L2 - WYW2(R*, My,  A'RY),
2. al,... dl, a family of converging sequences of points of By,
8. AL . AL a family of sequences of positive reals converging all to zero,

such that, up to a subsequence,

Vi = Voo in W,22(By, My, @ A'R?),
Wy — Weo n LIQOC(Bl,Mk),
Wy, — Woo N LIQOC(Bl, SOk ),

F, = Fy in L2, - W2(By, My @ A'RY),

loc

Up — Uoo ON WZQO’CQ(Bl \{ak,...,d.})
and
1 1
’<v <v <unum20;;>>,xn> + <v (unum292>7Xn> -0,
=1 L, (B1) =1 Lioe(B1)

where W, = w'(al, + A ) and X, is any vector field whose image is in (Vd,)* with d, = min (A}, +

. 1<i<l
d(ay,, -))-

5 A lemma about harmonic maps on an annular regions

Lemma 5.1. Let 0 <r < % and u € W"2(By \ B,) be a harmonic function such that

/ udo =0,

OB1

/ udo = 0.
OB,

15



Then there ezists C' a positive constant independent of r and u such that

[l ) < Cllullz

L2:1 (Bl \Bar
2

and
T < T _
97941 (5,5, < CI7

Proof of lemma 5.1:

Since u is harmonic, it can be decomposed with respect to the spherical harmonics as follows

+oo N

u= Z Z (dfﬁrl + d,;lrfld) o, (32)

1=1 k=1
where ((MC)IJC are a L2-basis of eigenfunction of the Laplacian on S3. In particular we get
Agl = —1(1+2)¢}, on S°.

Thanks to this equation, LP-theory for singular operators gives the existence of a positive constant C,
independent of [ such that

k]l < CLQUT+2))2.

Moreover we know that N;, the dimension of the eigenspace associated to —I(I + 2), is equal to (I + 1)
Hence, computing the L?-norm and L?'-norm of the function fij x|z, we get

I1f if j < -2

” - T2+j
2= 9/-2j 1

1f ifj =0

1
>
l2= 2,27 + 4
, < (@2r)*if j < =2
”f]HL?J(Bl\B%) < (2r)Hifj <
2

1\ 711
; <[ = if 7 >
15510, < (3) iz
2

where C is independent of j.

Then

+oo N; 1 i1
il (m,) < CZ,; (dk (2) - d,:l@r)—l) (11 +2))?
+o00 N 3 [too Ny 1\ 212\ ?
<C ( (d},)? 2z+4> (ZZ4 (2 + 4)( z+2))4(2> )

=1 k=1

400 N 2 400 N; 1 l 3
+< (a5 ) (ZZsz (i+2) (4))
I=1 k=1 I=1 k=1
Thanks to the fact that N, the dimension of the eigenspace associated to the eigenvalue —I(l + 2) of

the Laplacian, is equal to (I + 1)2, we get the first estimate. The second identity is obtained in the same
way. O
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6 Pohozaev identities

In this section, we prove a Pohozaev identity for extrinsic and intrinsic biharmonic maps in order to rely
the radial derivatives to the angular ones. First we multiply our equation by z*9,u and we integrate by
parts.

/ (2" Opu) (A%u) do = —/ (Vu, V(Au)) dx — / (2%0,0"u) (0;(Au)) dx
B(0,r) (0,7)

B(0,r)

+ / (z*Opu) 0, (Au) do
oB(0,r)
= 2/ (Au)? dz +/ 20 (Au)(Au) da
B(0,r) (0,r)

((royu) 0, (Au) — (dyu) (Au) — 7 (Opu) (Au)) do

dB(0,r)

— Au
/83(0 r) 2

((royu) 0, (Au) — (9yu) (Au) —r (0fu) (Au)) do
0B(0, 'r)

Using the fact that for an extrinsic harmonic maps we have A2u 1T, N almost everywhere, we get for all
r that

/E)B(O : (;(Auﬁ — (02u) Au+ (9yu) 8, (Au) — % (Oyu) (Au)) do =0 (33)

But 3 i
Au = 0*u+ Z0,u+ —Agsu.
r T

Hence
2 272, 9 2, 1 2, 6 2 2 2 6
From the one hand, we have

Loaw? (a2 — Yoy a2 2,3
2(Au) (O7u) Au = 5 (O7u)” + 5,2 (Opu)” + (Agsu)” + 3 (Opu) (Agau)

1
274
which gives

1 2 _ (52 _ 12 9 2, 1 2, 3
/BR\BT (2(Au) (OFu) Au) dzx = /BR\BT < 3 (Ofu)” + 5,3 (Opu)” + 5, (Agsu)” + 3 (Opu) (Assu)) dz

(34)
From the other hand

(Oyu) 61,(Au)—% (Oyu) (Au) = (9yu) (O3u)+ (8 u) (02u )—2 (8,,u)2-|-7‘i2 (0, Agsu) (ayu)—% (Agsu) (O,u)
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Integrating by part, we get

x/BR\BT ((6,,u) Oy (Au) — % (Oyu) (Au)> dx

Il
S
o}
—
[y
i

<(8,,u) (93u) + % (Oyu) (2u) — g (8uu)2> dx

+

(Oyu) (2u) do

N

r

_|_

(—;r (0 0w)?) — (02w - (ayu)> dz

(7’12 (O, Agsu) (Oyu) — % (Agsu) (&,u)) dx

%
2
»

+

TS S5
3
®

B

=
%

3

Il
S~

((aym (82u) — 2% (&,u)z) do

9(Br\Br)

((Q%u)z + % (8l,u)2> dx
Rr\Br r

y (:2 (0, Agou) (Dyu) — % (Agsu) @u)) dx
o (35)

+
ST 5

Finally, thanks to (33), (34) and (35), we have

3 2 1 2 1 2
fafu + — (O, u )dx:/ <A3u >dm
~/BR\Br (2 ( ) 2r? (O) Br\B, 274 (Bgeu)

" /a(BR\BT) ((&u) (6) - % (a,,u)2> o

Since the equations of extrinsic and intrinsic biharmonic maps differ only by P(u) (B(u)(Vu, Vu)V, B(u)(Vu, Vu))+
2B(u)(Vu, Vu)B(u)(Vu, VP(u)), we multiply this term by z¥d,u which gives
2 Opu (P(u) (B(u)(Vu, Vu)Vy B(u)(Vu, Vu)) + 2B(u)(Vu, Vu) B(u)(Vu, VP (u)))
= B(u)(Vu, V)V kg, o B(w)(Vu, Vi) + 2B(u)(Vu, Vu) B(u)(Vu, V(2F Oy u)
2
o, (IB(u)(Vu,Vu)I

5 ) +2|B(u)(Vu, Vu)|*
1 0 {'r‘l

= rEeaE |B(u)(Vu,Vu)|2] .
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Then integrating, we get the following Pohozdev identity for intrinsic biharmonic maps

+/BR\B <r2 (O, Agsu) (Byu)> dr
o, (@0 @20
21

(Bu)® — = |B( )(Vu,Vu)|2> do

(37)

We also get a Pohozdev identity for the critical point of general functional, since
J ST Ry S S TR TSR TR Y
Bgr\B, 81'1 afz 8%3 8384 Bgr\B, 8xk 8(E1 8x2 0x3 81’4
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