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ABSTRACT. We investigate problems connected to the stability of the well-
known Pohozaev obstruction. We generalize results which were obtained in
the minimizing setting by Brezis and Nirenberg [2] and more recently in the
radial situation by Brezis and Willem [3].

Let Q be a smooth bounded domain in R, n > 3. Let h € C! (R") and let us
consider the equation
Au+ hu = |u|$u in Q
(0.1)
u =0 on 0N

n
0%u
where Au = — E 922 It is well-known that, if € is star-shaped with respect to
4
— Ox;

the origin and if h satisfies

hz) + % (2, Vh(z)) >0, 0.2)

then there are no non-trivial solutions of (0.1). This is a consequence of Pohozaev’s
identity (see [11] and equation (4.6) of appendix 4.3) and is referred to as the
Pohozaev obstruction.

The above equation has been quite intensively studied in the past thirty years.
Many existence results have been obtained if € is not assumed to be star-shaped
or if h does not verify (0.2). It is almost impossible to give an exhaustive list of
references on this equation.

In this paper, we investigate the question of non-existence of positive solutions
of equation (0.1) and more precisely the stability properties of the Pohozaev ob-
struction.

Definition 0.1. Let Q be a star-shaped domain of R™ and let (X, || .| y) be some
Banach space of functions on Q (typically X = C*"(Q), X = L¥(Q) or X =
LP(2)). Let hg € X N CY(Q) be a function which satisfies (0.2). We say that the
PohozZaev obstruction is X -stable at (ho,QY) if the following property holds : there
exists 0 (ho, 2, X) > 0 such that for any function h € X with

||h_h0||X S 6(h07Q7X) )

the only non-negative C?-solution of (0.1) is u = 0.
We say that the PohoZaev obstruction is X -stable if it is X -stable at (hg, ) for
all Q star-shaped with respect to the origin and all hg € X NC (Q) satisfying (0.2).
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Note that the property (0.2) is not stable under perturbations of the function h
in any C*-space. Since the work of Brezis and Nirenberg [2], we know that equation
(0.1) behaves differently in dimension 3 and in dimensions n > 4. It is clear that,
in dimensions n > 4, the Pohozaev obstruction is not X-stable for any reasonable
X. Indeed, any perturbation of h = 0 which is negative somewhere leads to a
minimizing solution in dimensions n > 4 (see [2])'. Hence we investigate in this
paper the question of the stability of the Pohozaev obstruction for various spaces
X in dimension 3. We give a complete answer to this question in the following
theorems.

Theorem 1. The PohoZaev obstruction is C%"-stable for anyn > 0 in dimension 3.
In other words, given anyn > 0, any domain Q in R3, star-shaped with respect to the
origin, and any function hy € C* (Q) satisfying (0.2), there exists & (n,Q, hg) > 0
such that, if h € C%" (Q) satisfies

Hh - hOHCOxﬂ(Q) S 6 (777Q>h) 9
the only non-negative solution of (0.1) is u = 0.

Note that a consequence of our theorem is the following : if (2 is a star-shaped
domain in R3, there exists a constant \ (2) > 0 such that equation (0.1) does not
possess any nontrivial positive solutions with h = A for A > -\ (©). This is in sharp
contrast with the situation for non star-shaped domains (see [1] for instance).

In the seminal paper [2], it was proved that there are no minimizing solutions
of equation (0.1) in dimension 3 if the function h > —A* (Q) for some A* (£2) > 0.
Since h > 0 if h satisfies (0.2), a consequence of this result is a version of the
above stability in C° when one considers only minimizing solutions. A necessary
and sufficient condition on the function i and the domain  for the existence of a
minimizing solution of (0.1) in dimension 3 was found in [6].

In [3], the authors studied this question in the case of the unit ball with radial
functions. If we let

L? (B) ={ue LP(B), uradial } ,

then it was proved in [3] that the Pohozaev obstruction is L2°-stable? on the unit ball
of R? for all functions h € L (B) N C! (B). In [3], the question of the extension
of the result to the non-radial case was explicitly asked. Our result provides an
answer to this question. However, the situation is more delicate than expected
in the non-radial case since, while the Pohozaev obstruction is C%"-stable for all
n > 0, it is never L*°-stable.

Theorem 2. The PohoZaev obstruction is never L*°-stable. In other words, given
any € > 0, any domain Q in R3, star-shaped with respect to the origin and any
function hy € C* (Q) satisfying (0.2), we can find some function h. € L™ (Q) such
that

lhe =Rl <€

INote that this remark concerns only X-stability in general. The question of X-stability at
some given positive function A in dimensions n > 4 is not investigated in this paper.
20One should restrict oneself to radial solutions of the equation in the definition of stability.
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and some positive functions u. € C? () satisfying the equation

Aug + heue = u? mn Q

ue =0 on 00, us >0 in Q

Thus the Lg°-stability result obtained by Brezis-Willem is really specific to the
radial case. In fact, it is not really due to the symmetry of the solutions but to one
of its by-product in dimension 3, precisely that sequences of solutions of equation
(0.1) which are radial are either compact or develop only one concentration point.
In fact, with the PDE techniques (to be compared to the ODE techniques used
in [3]) we use below, we can revisit the question of the stability of the Pohozaev
obstruction in dimension 3 in the radial case. We improve the result of [3] by
proving that the Pohozaev obstruction is LP-stable on the unit ball for all p > 3
but is never L3-stable. For precise statements, we refer the reader to the end of
section 2 and the beginning of section 3.

All these results give a complete picture of the stability of the Pohozaev obstruc-
tion in dimension 3 when the attention is restricted to non-negative solutions. The
question remains widely open if one allows solutions to change sign, and is certainly
more subtle due to the variety of changing-sign solutions of Au = u° in R3.

The paper is organized as follows. Section 2 is devoted to the proofs of theorem
1 and of the corresponding result in the radial situation. The proof makes use of
standard blow-up analysis in dimension 3 (see section 1) and of an extension of
Pohozaev’s identity to Green’s functions (see Appendix 4.4). Section 3 is devoted
to the proofs of theorem 2 and of the corresponding result in the radial situation.
Here we have to construct examples of functions h arbitrarily close in X to some
given function for which there is a positive solution of equation (0.1). It appears
to be quite subtle because we need to be sharp. For instance, in order to prove
theorem 2, our functions h must be close to the given function in L (€2) but not
in C%7(Q) for any n > 0.

Acknowledgements : The first author wishes to thank H. Brezis for putting to
his attention the question raised in [3]. This work was done while the two authors
were staying at PIMS, Vancouver, for one year. They wish to thank all the members
of PIMS for their great hospitality during this year.

1. POINTWISE ANALYSIS AROUND A CONCENTRATION POINT

We consider in this section a sequence (h.) in C%7 (R"™) for some > 0 and a
sequence (u.) of C?-solutions of

Au, + heue = ug’ in Q
ue =0 on 0f) (1.1)

ue >0 in Q
where ) is some smooth domain of R? and
he = hin LP(Q) ase — 0 (1.2)

for some p > 3 where h € C'(R3) satisfies h > 0 in Q. Note that, as soon as h
satisfies (0.2), it is non-negative.
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We also assume that we have a sequence (z.) of points in 2 and a sequence (p.)
of positive real numbers with 0 < 3p. < d(z.,09) such that

VUE(,IE) =0 (13)

and

B(ze,pe)

We prove in this section that the following holds :

2
Pe [ sup ug(x)] —t+ooase —0. (1.4)

Proposition 1.1. If there exists Cy > 0 such that
|xe — x|%u5 < Cp in B(xe,3pe) , (1.5)
then there exists C1 > 0 such that
e (22)ue () < Ctlze — 2|71 in B(xe, 2p:) \ {z:} and
e (22)|Vue (z)| < Chlze — x|72 in B(z.,2p:) \ {2}

Moreover, if p. — 0, then

1
psus(xs)us(xs + psx) - m +bin Clloc(B(Oa 2) \ {O}) ase —0
where b is some harmonic function in B(0,2) with b(0) = 0. At last, if the conver-
gence in (1.2) holds in C°", then we also get that Vb(0) = 0.

The rest of this section is dedicated to the proof of this proposition. We follow
the lines of [7], section 2 (see also [8]). However, one must note that, compared
to [8] and other works on this kind of blow-up analysis, some new difficulties arise
since the linear term (h.) is only uniformly bounded in some L? (£2).

We divide the proof of the proposition into several claims. The first one gives
the asymptotic behaviour of u. around z. at an appropriate small scale.

Claim 1.1. After passing to a subsequence, we have that

in CL.(R?), ase— 0 (1.6)

N

,Utz?us(xs + ,Ufsx) —
||
(1+5)

where p. = u, (xa)_2.

Proof of Claim 1.1. Let . € B(x., p:) and fic > 0 be such that

1

ue(Ze) = sup ue = fic 2 . (1.7)
B(Is,Ps)
Thanks to (1.4), we have that
ﬁ5—>0and&—>+ooase—>0‘ (1.8)

€

Thanks to (1.5), we also have that
|ze — Zc| = O(fie). (1.9)
We set for z € Q). = {x € R3 s.t. 2, + ficx € Q},

UE(SU) = ﬂgus(‘%s + /lsx)
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which verifies

At + ihetie = @2 in Q. ,

Ue(0) = sup  Ue =1, (1.10)

B(#e2e, L2
where h. = h (Z. + ficz). Thanks to (1.4), (1.7) and (1.9), we get that
fie i

Now, thanks to (1.10), (1.11), and by standard elliptic theory, we get that, after
passing to a subsequence, u. — U in Clloc(R?’) as € — 0 where U satisfies

AU=UnR*and 0< U <1=U(0).

B(M pg)—>R3a85—>O. (1.11)

Thanks to the work of Caffarelli, Gidas and Spruck [4], we know that

o= (1+7)

Moreover, thanks to (1.9), we know that, after passing to a new subsequence,
’”11;””5 — 29 as € — 0 for some xy € R3. Hence, since z. is a critical point of u., xg
must be a critical point of U, namely xo = 0. We deduce that Z—E — 1 where p. is

as in the statement of the claim. The claim 1.1 follows. [ |

-

For 0 < r < 3p., we set

1

r2
e (r) = 5 / Uucdo
W2l JoB(z.,r)

where do denotes the Lebesgue measure on the sphere 0B(z.,7) and we = 4w is
the volume of the unit 2-sphere. We easily check, thanks to Claim 1.1, that

r : , 1 r : 1 1
elper) = (1 K ) Fol1), YL (ner) = 3 <1+> (-3)+ow- a2
We define r. by

re = max {r € [2V34e, pe] s.t. . (s) <0 for s € [2\/§u57r]} .

Thanks to (1.12), the set on which the maximum is taken is not empty for ¢ small
enough, and moreover

;—E—>+ooass—>0. (1.13)
We prove now the following : )
Claim 1.2. There ezists C > 0, independent of €, such that
ue(x) < C’,uéb:s — 2|7 in B(xe,2r.) \ {z.} and
[Vue(z)] < Cuékvg — 2|7 in B(x.,2r.) \ {z} .

Proof of Claim 1.2. We follow the proof of Lemma 1.5 and 1.6 of [8]. However,
there is an extra-difficulty due to the fact that we do not assume any pointwise
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convergence of h. to h. We first prove that for any given 0 < v < %, there exists
C, > 0 such that

ue(x) < Cy (u§(1_zy)|x —z |70 4 a, ( e ) ) (1.14)

|z — x|

for all x € B (x¢, 2r:) and € small enough, where

e = sup  ue | - (1.15)
OB (xe,re)

First of all, we can use (1.5) and apply the Harnack inequality, see for instance
theorem 4.17 of [10], to get the existence of some C' > 0 such that

1 1
— \Y < do <C i 1.16

C ag(la?:fr) (e 7 |Veee]) < war? /aB(mE,r) e = 61?(1;37“) e ( )
forall 0 < r < % pe and all € > 0. The details of the proof of such an assertion may
be found in [8], lemma 1.3. Hence, thanks to (1.12) and (1.13), we have that

1

2
|x — m5|%u5(aj) < Cipe(r) < C(Rpue) = C (HRRQ> +0o(1)
3

for all R > 2+/3, all r € [Ry.,7.], all &€ small enough and all x € 9B (x.,r). Thus
we get that

sup 2 — 2| 2us(z) = e(R) + o(1) (1.17)

B(ze,re)\B(ze, Rpe)

where e(R) — 0 as R — +00. Let 0 < 0 <1 and G, , be the Green function of the
operator A + ’;—5 in © with Dirichlet boundary condition. Thanks to the fact that
h is non-negative (this is an assumption in this section), we can use lemma 4.2 to
get the existence of some C, > 0 such that

1
|I - y|gs,a(x;y) - ' S Co‘x - y|’ (118)
w2

and that

1
& — 921V G o (2, )| w] < Cole —yl, (1.19)

for all z # y € Q. We fix 0 < v < 3 and we set

T(1—2v

(I)s,u = Ué )gs,l—y(xsax)liy +O‘a(Tzz‘ga,u(xsy17))V~
Thanks to (1.18), (1.14) reduces to prove that
sup —= = 0(1).

B(z.,27:) (PE,V
We let y. € B(ze,2re) \ {z:} be such that

sup Ue _ ue(ya)
B(z:,2r:) (:[)s,u és,u(ys)

We are going to consider the several possible beahviour of the sequence (y;).
First of all, assume that
‘xs - y€|
fhe

—Rase—0.
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Thanks to Claim 1.1, we have in this case that

1 1
piuc(ye) = (1+R*) "2 ase — 0.

On the other hand, thanks to (1.17), we can write that

1—-v v
i e 1 Te
bo () = (—He +O<a 2())+01
/’LE £, (yE) (W2|x5_y5|) 61“’5 |x5_y5| ( )
1 L(1-20) (20—
= (Rw)" '+0 ((7‘52 ag)ug(l ? )7’52 @ 1)) +o(1)

= (sz)u—l + 0(1)’

if R > 0, and ué@e,y(yg) — 400 as e — 0if R = 0. In any case, (%%))) is

bounded. o
Assume now that there exists 6 > 0 such that y. € B(ye,7:)\ B(ye, 7). Thanks

to Harnack’s inequality (1.16), we get that u-(y.) = O(a.) which, thanks to (1.18),

¢u(?y)> =01,

Hence, we are left with the following situation :

easily gives that

|y5*$5| 0 and |xs*ys|
Te e

— +ooase —0. (1.20)

Thanks to the definition of y., we can then write that

Aug(yg) > Aq)e,u(ys)
ue(ye) — cDe,n(yE)

which gives, thanks to the definition of ®., and multiplying by |z. — y.|?, that
|-'176 - ys|2 (O[ " |VG5,V($Ea ye)|2
(1)6771(95) o Geo(ze,ye)?

La-2n) |VGea—v(xe, y )|2 v
é ! G:l_u(x:y52 Ge,lfu(xﬂyf)l :

|$6 - y5|2u5(y5)4 Z V(l - 7/) Ge,u(w@ys)u

+u

Here is the main difference with [8]. Thanks to our choice of ®.,, the terms
involving h. disappear, which is necessary since we did not assume any pointwise
convergence of h.. Thanks to (1.17), the left-hand side goes to 0 as ¢ — 0. Then,
thanks to (1.18), (1.19) and (1.20), we get that

o(l) >v(l—v)+0(1)

which is a contradiction, and shows that this last case can not occur. This ends
the proof of (1.14).

We now claim that there exists C' > 0, independent of ¢, such that
1
ue(z) < C (ug |z — 2|7t + as) in B(ze,re) . (1.21)

Thanks to Claim 1.1 and (1.16), this holds for all sequences y. € B(x.,r:) \ {z}
such that |y. — x| = O(u.) or \ugr—izsl # 0. Thus we may assume from now that

|ys_xs| —y 400 and |ys_$s|
He Te

—0ase—0.
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Thanks to the Green representation formula, we write with (1.18) and (1.19) that

ue(ye) = /B( ) Ge1(Aue + heue) dz
+0 r;l/ |0y ue| do
OB(ze,re)

+0 (7“5_2/ Ug do)
OB (ze,re)

This gives with (1.15), (1.16) and (1.18) that

us(ye) = O (/ |x—y5|_1|Au€+h8uE|dw> + 0 (ag) -
B(z€77‘5)

we can write that

(1.22)

Using (1.14) with v = £,

/ \xfye\71|Aus+hsus|d:r
B(ze,re)

5

:/ Ue dx—i—/ |z — ye| " tulda
Bloee) [T = Yel B(we,re)\B(we pe)
|z — y€|_1|x — xs\_l dx

=0 (ublye | ) +ar. [
B(a:Eer)\B(wmﬂs)

3 =1y -4
+ pé |t — ye| ™ |x — x| da
B(xe,re)\B(ze,pe)

=0 (u§|y€ - x€|_1) +O(alr?) .

Thanks to (1.13) and to (1.17), this leads to
1
[ el auds <0G . — ol ) +ofac),
B(xe,re)

which, thanks to (1.22), proves (1.21).
In order to end the proof of the first part of the claim, we just have to prove that

1
ae= sup u.=0 (ug 7“5_1) . (1.23)

OB(xe,re)
For that purpose, we use the definition of r. to write that

(Bre) 2 9e(Bre) = (re) ¥he(re)

for all 0 < f < 1. Using (1.16), this leads to
)

1
rZ( sup we | <CBro)z | sup
OB(xe,re) OB(x.,Bre

Thanks to (1.21), we obtain that

1
sup  we | < CBE (p2(Bro) ™'+ sup
OB(zc,re) OB(zc,re)
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Choosing £ small enough clearly gives (1.23) and thus the pointwise estimate on

ue of the claim. The estimate on Vu. then follows from standard elliptic theory.l
We now prove the following :

Claim 1.3. Ifr. — 0 as e — 0, up to passing to a subsequence,

1
Tele (Te)ue(Te + rex) — m +bin Clloc (B(0,2)\{0}) ase —0

where b is some harmonic function in B(0,2). Moreover, if re < pe, then b(0) = 1.

Proof of Claim 1.3. We set, for x € B(0, 2),

_1
Ue(x) = pe 2roue(ze + o)

which verifies

2
Adie + r2heii. = (“) @ in B(0,2) (1.24)
Te
where h, = h(ze 4+ rex). Thanks to Claim 1.2, there exists C' > 0 such that
C
e (x) < m in B(0,2)\ {0}. (1.25)

Then, thanks to standard elliptic theory, we get that, after passing to a subsequence,
G — U in C}_(B(0,2)\ {0}) as ¢ — 0 where U is a non-negative solution of

loc
AU = 0in B(0,2)\ {0} .

Then, thanks to the Bocher theorem on singularities of harmonic functions, we get

that

U(z) = |2 + b(z)

where b is some harmonic function in B(0,2) and A > 0. Now, integrating (1.24)
on B(0,1), we get that

2
/ By iiedo = / r2heiie — (“) @ | da
aB(0,1) B(0,1) Te

Thanks to Claim 1.2,
/ r?ﬁgﬁgdx —0ase—0
B(0,1)

and, thanks to Claim 1.1,

2 2\ 3
/ <ME> 12?dx—> (1+m|> dr =wpase—0.
B(0,1) \Te R? 3

On the other hand, we have that
/ Oyliedo — —war ase — 0.
8B(0,1)

We deduce that A = 1, which proves the first part of the Claim.

Now, if . < pe, we have thanks to the definition of r. that

Pl(re)=0.
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1
Setting 1. (1) = (ﬁ) ’ Ye(rer) for 0 < r < 2, we see that

e (r) — T;/ Udo =% +13b(0)

r o=r r .

: w2r? Jap(0,r)

We deduce that b(0) = 1, which ends the proof of the Claim. [ |

We prove at last the following :
Claim 1.4. Using the notations of Claim 1.3, we have that b(0) = 0, and if the
convergence in (1.2) holds in C%", then Vb(0) = 0.

Proof of Claim 1.4. We use the notation of the proof of Claim 1.3. Let us
apply the Pohozaev identity (4.4) of appendix 4.3 to @, in B(0,1). We obtain that

1 - - _ -
f/ r2 <h5ﬂ§+h€ < 2, Vi >) do = BS + BS
2 JBo,1)

where

~ 12
|V | do and

3 1
B :/ (8,0:)% 4 =00y —
aB(0,1) 2

_ 2 46
B§:/ (“) Fdo
8B(0,1) \Te

Thanks to Claim 1.2 and to Lebesgue dominated convergence theorem, we can pass
to the limit to obtain that

1 2
/ B,U) + =U8,U — VUE 4 =
aB(0,1) 2

0.

Since b is harmonic, it is easily checked that the left-hand side is just —%(m. This
proves that b(0) = 0.

In order to prove the second part of the Claim, we apply the Pohozaev identity
(4.7) of appendix 4.3 to 4. in B(0,1). We obtain that

~ 12
/ ('V“Ey - ayagva8> do
8B(0,1) 2

R v 2 ~6
= —/ rZh. Vi, dx —/ (ME) Ye ) do
B(0,1) 2 8B(0,1) \Te 6
It is clear that

U 2
/ <|VU5 vV — &/ﬂgiLs) dU — / (|VU|V - ava{]) dO' as e — 0 :
9B(0,1) 2 9B(0,1) 2

Moreover, thanks to the fact that b is harmonic, we easily get that

2
/ (VU v— VU&,U) do = wyVb(0) .
8B(0,1) 2

(1.26)

It remains to deals with the right-hand side of (1.26). It is clear that

2 ~6
/ (Ma) %z/do—>0as€—>0.
8B(0,1) \ Te 6
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Then we rewrite the first term of the right-hand side of (1.26) as

_ ~2 B ~ ~2 ~ ~2
/ 2, Ve gy = / P2 (he — 7o (0) Y% g 4 oo (0) / AL P
B(0,1) 2 B(0,1) 2 BO,1) 2

If we assume that the convergence of (h.) holds in C%", we can use Lebesgue
dominated convergence theorem to obtain that the first term of the right-hand side
goes to 0 as € — 0. Then, integrating by parts the second term, we get

. ) B )
hs(O)/ r? Vi dzx = hE(O)/ rg&yda
Bo,1) 2 aB(0,1) 2

which clearly goes to 0 as € — 0. Finally, collecting the above informations, and
passing to the limit ¢ — 0 in (1.26), we get that Vb(0) = 0 if the convergence of
(he) holds in C%", which achieves the proof of the Claim. |

We are now in position to end the proof of proposition 1.1. If p. - 0ase — 0
then we deduce the proposition from claims 1.3 and 1.4. If p. 4 0 as € — 0, then
claims 1.3 and 1.4 give that r. 4 0 as € — 0. Then, using the Harnack inequality
(1.16), one can extend the result of Claim 1.2 to B(zc,2p:) \ {z}, which proves
the first part of Proposition 1.1 when p. 4 0, and ends the proof of the whole
proposition.

2. STABILITY OF THE POHOZAEV OBSTRUCTION

We prove theorem 1 and give some stability result for radial solutions on the
unit ball (see the end of the section). We assume by contradiction that there exists
a sequence (h.) of functions in C%7 (R?) for some 1 > 0 and a sequence (u.) of C2-
solutions of (1.1) where € is some smooth domain of R3 star-shaped with respect
to the origin and h. — h in LP (Q) as € — 0 for some p > 3 where h € C*(R3?)
satisfies (0.2). Sometimes we will assume that he — h in C%" as ¢ — 0.

We claim first that
luelloo = +o0 ase — 0. (2.1)

Indeed, if (u.) is uniformly bounded in L (), then it is clear that (HuZﬁ)

is uniformly bounded in W?P? (Q) for some p > 3, and thus, after passing to a
subsequence, 45— — u in C}.(9) where u is a positive solution of

Au+ hu = (lim ||u€||§o) u® in Q
e—0

with w = 0 on 9§2. Since h > 0, it is clear that [Juc|lcc 7 0 as € — 0. Then
4 = (limeso ||te|loo) v is & non-trivial solution of (0.1), which is a contradiction
since (0.2) holds. Thus (2.1) is proved.

Then the sequence (u.) develops some concentration phenomena. We prove that
this leads to a contradiction as follows : in Claim 2.1, mimicking [8], we exhaust
a family of critical points of u., (Z1,6,...,ZnN, ), such that each sequence (x;_ )
satisfies the assumptions of Section 1 with

yd(zi. 2, 00)} .

= min Tie — X4
€ 1,€ 1eg,E
P 19:gNs,vz¢is{| : .

In Claim 2.2, we prove that these concentration points are in fact isolated. In other
words, we prove that (u.) develops only finitely many concentration points. We
prove that such a configuration of concentrations points must satisfy two relations
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involving the Green function of A + h at these points. And it is impossible to
find such a configuration thanks to some Pohozaev identity on Green functions we
prove in Appendix 4.4. Claim 2.1 is rather classical. The core of the proof lies in
Claim 2.2. Avoiding bubble accumulation in the interior € in dimension 3 is by
now classical. The main difficulty here is to avoid boundary bubble accumulation.
The rest of the section is devoted to the details of the proof we just sketched.

Claim 2.1. There exists D > 0 such that for all € > 0, there exists N. € N* and
N critical points of u., denoted by (z1,¢,...,xN.) such that :

d(@i e, OQ)uc(w;c)? > 1 for all i € [1,N.],

Tie — @jc|uc(zic)® > 1 for alli # j € [1,N],
and

. 2
min |z; . —z| | u.(x)* < D
(i o1 = ol uelo)? <

for allx € Q and all € > 0.

Proof of Claim 2.1. First of all, we claim that
{z € Qst. Vuc(z) =0 and d(x,0)u.(z)* > 1} #0 (2.2)

for £ small enough. Let us prove (2.2). Let y. € § be a point where u. achieves his
maximum. We set . = uc(y.)"2 — 0 as e — 0. We set also for all x € Q. = {x €
R3 s.t. y. + pex € Q},

1
e () = p2 e (Ye + pex)
which verifies
At + p2hetic = @2 in Q,
where h, = h(ye + pex). Note that 0 < @ < 4.(0) = 1. Thanks to standard elliptic
theory, we get that @i. — U in C} () where U satisfies

loc
AU =UinQpand 0 <U < 1="U(0),
and where Qg = lim._,0 .. Thanks to [5], we have Qg = R3, which proves that
d(ye, 0Q)u.(y:)?> — +o0 as e — 0. This ends the proof of (2.2).
Now, applying Lemma 4.1, see Appendix 4.1, for ¢ small enough, there exist
N, € N* and N, critical points of u., denoted by (z1,...,2Zn,), such that :
d(z; e, 0N uc(z;.)* > 1 for all i € [1, V],
|25 — @) uc(2;0)° > 1 forall i # j € [1,N.],

and

< min |z;. — x|) ue(z)? < 1 (2.3)

i€[1,N¢]

for all critical point z of u. such that d(x, 9Q)u.(x)? > 1. It remains to show that
there exists D > 0 such that

( min _|z; . — ac|) ue(z)? < D

i€[1,Ne]

for all x € 2. We proceed by contradiction, assuming that

sup (( min |7~ x|) ug(x)) — 400 (2.4)

reQ i€[1,N.
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as € — 0. Let z. € Q be such that

. 2 : 2
o =5 o )
(ie?ll,mg] |z z5|> ue(2ze) 11618 ((iel[lll’l]I\lra] |z x|> ue () )
We set fic = uc(2.)"2 and S, = {Z1,6,...,2N.¢}. Thanks to (2.4), we check that

fle >0ase—0

and that
d(Se, ze)

fie
Then we set, for all z € Q. = {z € R s.t. 2z + fi.x € Q},

— +ooase —=0. (2.5)

e () = i e (2e + fie)
which verifies

Adie + fiZhetic = 42 in Q.
where h. = h(ze + jizz). Note that @.(0) = 1 and also that

lim sup a.=1
=0 B(0,R)NQ.

for all R > 0 thanks to (2.4) and (2.5). Standard elliptic theory gives then that
i — U in C} (Qo) where U satisfies
AU =0U°inQpand 0<U <1=10U(0)
with Qg = 1in(1) Q.. As above, we deduce that €2y = R3, which gives that
e—

liné d(ze, 00)u2(ze) — 400 . (2.6)
e—

Moreover, thanks to [4], we know that
- 1

Ulx)=——+.
()

Since U has a strict local maximum at 0, there exists &., a critical point of u., such
that |z — #.| = o(f1c) and fi.u.(%:)? — 1 as ¢ — 0. Thanks to (2.5) and (2.6), this
contradicts (2.3) and proves the Claim. |

We define
d. = min{d(x;e,xje), d(Tie, Q) st. 1 <i<j< N}
and prove :

Claim 2.2. If the convergence of he to h holds in C%", then there exists d > 0
such that d. > d.

Proof of Claim 2.2. Assume that d. — 0 as ¢ — 0. There are two cases to
consider : either the distance between two critical points goes to 0, or one of them
goes to the boundary. In the first case, the arguments which lead to a contradiction
follow closely [7], but in the second case we have to be more precise looking at the
7artificial” singularities created by the boundary.

Up to reordering the concentration points, we can assume that

de = d(x1,6,22,) or d(21,,090) .
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Forz € Q. = {z € R? s.t. 21 +d.x € Q}, we set

te(z) = déus(m,s + dew)
which verifies
At + d?hetie = @2 in Q.
where h, = h(z1,e + d.x). We have, up to a harmless rotation,

lim Q. = Qo = R® or | — 00; d[xR? where d > 1.
e—0

We also set

T Tie — Tle
i,e — dg
We claim that, for any sequence i. € [1, N¢] such that
Ue(Zi.,.) = O(1) (2.7)
we have that
sup G, = O(1) . (2.8)
B(&i.,e,%)

Indeed, let y. € B(Z;_ e, %) be such that sup @. = @.(y.) and assume by
B(;E'i5757%)
contradiction that

Ue(ye)? = +ooase — 0. (2.9)

Thanks to the definitions of d, y. and the last assertion of Claim 2.1, we can write
that

|de (ye — jis,s)ws(xl,s + dsys)2 <D
so that
lye — &i. c] = 0(1) . (2.10)

For z € B(0, i) and e small enough, we set

l ~ A
te(z) = 12 U (Ye + flex)
where fi. = u(y.) 2. It satisfies

1
—)and 4:(0) = sup 4. =1

e B(0,52)

At + (fied:)?htie = 42 in B(0,

where he = he(ye + fiex). Thanks to (2.9), B(0, i) — R3 as ¢ — +o0. Then (i.)
is uniformly loca}ly bounded and, by standard elliptic theory, 4. converges to U in
CL .(R3) where U satisfies

loc
AU=0U°inR®and 0 < U <1="0(0).
Thanks to [4] and to the fact that 565;7;‘% is bounded, we can write that

lim inf 7%3(%‘5,5)
>0 Ue(ye)

which is a contradiction with (2.7) and (2.9), and achieves the proof of (2.8).

>0
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For R > 0, we set Spe = {Z;¢|%;. € B(0,R)}. Thanks to definition of d., up to
a subsequence, Sg. — Sg as € —+ 0, where Sg is a not empty finite set, then up to
performing a diagonal extraction, we can define the countable set

S=JSr.

R>0

Thanks to the previous definition, we are ready to prove the following assertion :
Vie € [1, Ne] st d(xi, e, 21,6) = O(de), Ue(Fi,e) > +ooase—0. (2.11)

Assume that there exists i, such that d(z;_ ., 1) = O(d,) with . (Z;_ ) bounded,
then for all sequences j. such that d(z;, o, z1.) = O(de), (&, ) is bounded.
Indeed, if there exists a sequence j. such that d(x;,_ ., 1) = O(d.) and 4. (Z;, ) —
+o0o as € — 0, thanks to Claim 2.1, we can apply Proposition 1.1 with z. = &;_.
and p. = df. We obtain that up to a subsequence @. — 0 in C} (B(, 2)) \ {i},
where Z = 6115%) Zj. . But (@) is uniformly bounded in B(7, 3), where §j = gll}(l) Zi, e
We thus obtain thanks to Harnack’s inequality that @.(Z;. ) — 0 as € — 0, which
is a contradiction with the first or the second assertion of Claim 2.1.

Thus we have proved that for all sequence j. such that d(x;_ ., z1.) = O(d.),
Ue(Z;. ) is bounded, which proves that (. ) is uniformly bounded in a neighborhood
of any finite subset of S. But thanks to Claim 2.1, 4. is bounded in any compact
subset of Qo \ S. This clearly proves that . is uniformly bounded on any compact
of Qo. Then, by standard elliptic theory, @. — U in C_.(Q0) as € — 0, where U is
a nonnegative solution of

AU = U5 in QO .
But, thanks to the first or second assertion of Claim 2.1, we know that U(0) > 1,
hence we have necessarily that Qg = R3, and thus U possesses at least two critical
points, namely 0 and &5 = Eh_r}r%) Z2.. Thanks to [4], this is impossible. This ends

the proof of (2.11).

We are now going to consider two cases, depending on €.

Case 1 : Qo = R3 - In this case, up to a subsequence, d. = d(z1,,72,.) and
S ={0,20 = ;I_I)I(I) Zoe,...} contains at least two points. Applying Proposition 1.1
with 2. = Z; . and p. = %E, we obtain that

e (0)ae(z) > H = = + )\7{ +bin CL.(R®*\ S) as e — 0
2| |z — o
where b is an harmonic function in Qg \ {S\ {0,%2}}, and Ay > 0. Moreover
5(0) = —X2. We prove in the following that b is nonnegative, which will give a
contradiction and end the study of this case. To check that bis nonnegative, for all
positive number r, we rewrite H as

N

H == bT‘y
2 R T
z;€SNB(0,r)

where \; > 0. Then, taking R > r big enough, we get that b, > %1 on 9B(0, R).
Moreover, for any Z; € B(0, R) \ B(0, ), there exist a neighborhood V; , of Z; such
that b, > 0 on Vjr. Thanks to the maximum principle, b, > _71 on B(0, R). Since
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Ai

+ b with
|z — 2]

b, — b on every compact set as r — +00, we get that H = Z
T, €S
b> 0, which proves that b > 0. This is the contradiction we were looking for, and

this ends the proof of the claim in this first case.

Case 2 : Qp =] — o0, d[xR? - We still denote S = {0 = %1, T2, ...} and we apply
Proposition 1.1 with . = z; . and p. = d—f to get that

Ue(0)te(x) - H = Z

;€S

|37— +b1n CL.(Q0\S)

where \; > 0, and b is some harmonic function in . We extend H to R? by
setting

- | H(x) ifz1 <d

Hiz) _{ —H(s(z)) otherwise

where s is the symmetry with respect to {d} x R%. We also extend b by setting

It is clear that b is harmonic on R3 and satisfies b > 0 in Qo and b<0inR3 \ Q.
This can be proved as in Case 1. Let Gr the Green function of the laplacian on the
ball centered in 0 with radius R, we get thanks to the Green representation formula
that

b(l’) = / al/gR(‘rﬂ y)l;(y)do
dB(0,R)

which gives since

augR (x, y) =

on 0B(0, R) that

N 3
0100 = — /a o BP0

Now we decompose dB(0, R) into three sets, namely

A = {yedB(0,R)s.t. y1 >d},

B = {y€dB(0,R)st. 0<y; <d},
C = {ye€dB(0,R)s.t. y1 <0}.
(

In A and B, we have that yll;(y) <db y), and in C, we have that yll;(y) < 0. Since
b > 0in C, we arrive to

. 3d A 3d . 3db(0)
01b(0) < / b(y)do < / b(y)do = .
15(0) waRY J 4up @) wa Rt Jop(0,R) ) R?

Passing to the limit R — 400 gives that 815(0) < 0. In order to obtain a contra-
diction, we rewrite H in a neighborhood of 0 as

H(zr) = m‘Fb( )
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b(z) = b(z) — ) + > A

=)
o (Fm e

As is easily checked, 815(0) < 0, which is a contradiction with Proposition 1.1. This
ends the proof of Claim 2.2 in this second case.

We are now ready to prove theorem 1. Thanks to Claim 2.1, there exist D >
0, N € N* and N local maxima of uc, 1 ¢,...,2n, such that:

d(z.c, 0Q)u (z;2)° > 1 for all i € [1,N]
‘mi,e - xj,e|ua(mi,6)2 >1foralli#je [LN]
and

< min |xZE 33|> ue(z)?> < D
i€[1,N

for all x € Q. We can assume that Ue(zie) — 400 as € — 0. Indeed, otherwise
we can remove ; . from the family of concentration points, and up to changing D,
the assertion remains true. Then, thanks to Harnack inequality, there exists C' > 0
such that

%us(xlys) < e(wie) < Cue(rre) - (2.12)

Now, thanks to the results of section 1 and by standard elliptic theory, we have
that, after passing to a subsequence,

e (71 ¢ )ue(z) = G in CE.(Q\ {z1,...,2n})as € = 0

where

N
z) =Y NiGn(xi,x
i=1

with Gy, the Green function of the limit operator A + h with Dirichlet boundary
condition on . Thanks to (2.12), we know that A; > 0 for 1 < i < N. This can
be rewritten as

s
Glr)=—"—""—+G; 2.13
(@)= 2 Gila) (2.13)
where G; is a continuous function on Q\ {z1,...,2;—1,%it1,...,2n5}. Thanks to
lemma 4.3, we can write
e
Gi(@) = Gi(w) + Mg — | + (@) (2.14)
2(4)2
where ; € C1(2) and 7;(0) = 0. We claim that
Gi(z;)=0forall1<i<N. (2.15)

In order to prove this, we apply the Pohozaev identity (4.4) to u. on the ball
B (%;¢,0) for some ¢ > 0 small enough. This gives

1
f/ (hsug +he < —24, Vug >) dx
B(z;,e,0)

2
, (2.16)
:/ ((5(8,,u5)2 sVUl L o+ L ) do .
0B (2;...0) 2 6
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Thanks to the fact that h. is bounded in LP(R?) for some p > 3 and Proposition
1.1., we get the uniform estimate

1

ue (256)° | 5 < e(9)

/ (hsug +he <z — T4, Vug >) dx
B($i,575)

where e € C°(R) with e(0) = 0. Using (2.13), we get that

2
/ ((S (&,uE)Q — (5‘Vu€| + 1ugavus) do +/ éug do
OB (ws...5) 2 2 0B(xs,.,5) 0
2
— e (25)"? / (5 0,6 — sLYC
9B(x:.,9)

Using (2.14), we easily get that

+ ;G&,G> do +o (ua (xiyg)_Q) .

2
/ <5 (8,G)* — sIVELE 1G8VG> do = — x4 (z;) +o(1) as 6 = 0.
OB(x:,5) 2 2 2

Collecting the above informations proves (2.15).

We are going to prove now that V+; (z;) = 0 where ~; is as in (2.14). This will
contradict lemma 4.4 of Appendix 4.4 and will achieve the proof of the theorem.
For that purpose, we apply the Pohozaev identity (4.7) to u. on the ball B (x;,d)
for some 0 > 0 small enough. We obtain that

Ug (ajm)z/ ('qu'u — Vuga,,%) do
aB(l‘i)sﬁ) 2

2
= e (250)? / he Vzus dz — ue (z)? / Vb do .
B(wi,a,ﬁ) aB(CEi,E,é)

It is clear that we can pass to the limit in the left-hand side. Moreover, thanks to
(2.15) and (2.14), we have that

(2.17)

VG
/ ('y - VG@VG) do — Vv (x;) as § — 0.
OB(z:,8) \ 2
Now we look at the right-hand side of (2.17). It is clear that
Ue (xi78)2/ Vuldos - 0ase—0.
83(17;)5,5)

Then we write that

v 2 v 2 v 2
/ he~le dg = / (he — he(zi2)) == da + ha(xi,s)/ Ye g .
B(wi6) 2 B(xi ..6) 2 B(zi.,5) 2

Assuming that the convergence of h. to h holds in C%", it is clear that the first
term of the right-hand side goes to 0 as ¢ — 0. Integrating by parts the second
term, we get that

2 2 G2
hs(gciys)/ - dr = hg(xiﬁe)/ Yeydo = h (wz)/ —vdo
Blw;..,5) 2 OB(z:..,5) 2 OB(z5,6) 2

as € — 0. It is easily checked that the above goes to 0 as § — 0.

Finally, collecting the above informations, and passing consecutively to the limit
e > 0and § — 0in (2.17), we get that Vv;(x;) = 0 for all 4, which achieves the
proof of theorem 1 thanks to lemma 4.4. |
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Let us now give a precise statement of what we meant by stability of the Pohozaev
obstruction in the radial situation in the introduction. We will prove the following :

Theorem 3. Let B be the unit ball of R3. Let hy be a C'-radial function which
satisfies (0.2). Then for any p > 3, there exists § > 0 (depending on hy and p)
such that if h € C%" (B) for some 1 > 0 with ||h — holl 1oy < 0, then there exists
no positive radial solution of equation (0.1) in the unit ball.

Proof of theorem 3. We proceed as for the proof of theorem 1. Note that,
since u. is radial, there can be only one concentration point, namely 0. Thanks to
claim 2.1, the result of section 1 and standard elliptic theory, we have that

e (0)ue () — waGn(x,0) in CL.(Q\ {0})as € — 0
where G, is the Green function of the limit operator A + h. We have that
1
Gn(xz,0) = —— 4+ g(x
2.0) = o+ (o)

where g is a continuous function on {2 which satisfies

Ag+hg=———

in Q and g = —w9 on 0N .
walz|

By the maximum principle, we see that g is negative so that g(0) < 0. Now we
can proceed as in the proof of (2.15) to get a contradiction. Note that the proof
of (2.15) did not require the C" convergence of h.. In the above proof, this C°"
convergence had been used only in the proof of claim 2.2 (which is given for free
in the radial situation) and in the last part of the proof to deal with the case of
several concentration points (this can not happen in the radial situation). ]

We shall prove in the next section that the above theorem is sharp in the radial
situation.

3. CONSTRUCTION OF BLOWING-UP EXAMPLES AND INSTABILITY OF THE
POHOZAEV OBSTRUCTION

In this section, we prove theorem 2. In fact, we will first prove the corresponding
result in the radial situation (thus showing that our theorem 3 is sharp) since it
contains the main ideas and the computations are a little bit less involved.

We first need some results on Green’s functions of coercive operators A + h with
Dirichlet boundary condition on domains of R?. We let 2 be a smooth domain of R?
and h € C! () be such that the operator A+h, with Dirichlet boundary conditions,
is coercive. Then there exists a unique function G : @ x Q\ {(z,z), z € Q} — R,
symmetric, positive, such that

in Q and G (z,y) = 0 for y € 9N for all z € Q. It is easily checked that G (z,y) has
the following expansion in the neighbourhood of the diagonal

1 1
G(z,y) = T—gl + §h($) |z =yl + 72 (y) (3.1)
where v, € C* () satisfies
Ayra(y) + hYy)ra(y) = M) = Mly) L h(@)h(y) |z — o]

|z -y 2
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in Q with

1 1

Yo(y) =
for all y € 09Q.

3.1. The radial case. We start by proving that the Pohozaev identity is not L3-
stable in the unit ball of R3. More precisely, we prove the following result :
Theorem 4. Let h € C! (B) be a non-negative radial function on the unit ball B of

R3. For any e > 0, there exists a radial function h € C%" (B) with Hﬁ - h‘ ) <
L3(B

€ such that the equation
Au+hi=4 in B i4=0 on dB

admits a positive radial solution.

Note that a function h which satisfies (0.2) is necessarily non-negative. Let us
prove the theorem in the rest of this subsection. We let h € C'(B) be a non-
negative radial function where B is the unit ball of R3®. We let G be the Green
function of A 4+ h and let G(x) = G (0,x). We set

ue(x) = Ue(x) 4 ne () Ve (2) (3:2)
where

_1
2

U.(z) =e? (e +G(z)7?)

Vi(2) = —70(0)e3 G() ™3 (2 + G(z)72) * (3.3)
ele) = ) 2E D)

where 7 is a smooth positive function such that n = 1 on the ball of radius i and
1 = 0 outside of the ball of radius % Here, vy comes from the asymptotic expansion
(3.1). Tt is easily checked that u. is a C?"-positive function in B and that u. = 0
on 0B. Moreover, we have that

77;]—‘/6—>OinL°°(B) ase—0. (3.4)
We claim that 2 —EAuE
ET—H"UHL?’(B) ase — 0, (3.5)
which clearly implies the theeorem. Straightforward computations give that
AU + hU. = 3U2 |VG|? + h(x)eU? (3.6)
and that
AV, + hVe = 15UV, +1240(0)e3 G4 (1 4 £2G?) 2
— eAp(0)h (1 +22G2) 72 (14 4£2G2) (3.7)

_z
—330(0)ef G (1+267) % (1 - 42267) (VG [ -1)
It is easily checked that this implies that
Aug + hue = 3u? = o (ue) (3.8)
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in By(1) \ By (%). Using the expansion of G and its consequence
VG * = 1—4y(0)G +0(G?)
we can then write thanks to (3.4) that
Aug + hue — 3u? _0

(1al* U2) + 0 (eU2) + O (je| U 1 = nc])

Ue (3.9)
+O (U7 [VVe| [Vine]) + O (U Vel |Ane )
in By (%) It is easily checked that
|z U% = 0 and U2 — 0 in L? (B) as e — 0 (3.10)

for all 1 < p < +o0o. Let us write now that

3
1 2 2
A|x| U€12|1_775‘ dx = O €6A ’1“5 (E2+T'2) ]._T d'f’
e 5 oy —6 |In (1+T2) ’
= 0 /0 r (1—1—7") ez dr

= O (’1n52|73) =o(1)

thanks to the dominated convergence theorem. We can also write that

1
[ v v v de - 0(|ln62|_3/ P () dr)
B 0
1 3
2|1 2 2
+0 / In (e +r2)

In &2 dr
@) (’1n52|73> =o(1)

and that

/ U= (Ve[ |An|?
B

0 <|1H€2|_3 /1 ro (52 +T2)_1 dr) +0 (|1n€2}_3)
0
= 0 (|ln52’_3) =o(1) .

Coming back to (3.9) with these last estimates, we get (3.5). This ends the proof
of theorem 4. [

3.2. The general case. Here we prove that the Pohozaev identity is never L°°-
stable. In fact we will even prove a stronger result :

Theorem 5. Let Q be a smooth domain of R® and let h € C~1 () be such that
the operator A + h is coercive. For any € > 0, there evists h € C%"(Q) with

Hiz — hH < e such that the equation
At + hit = @° in Q

w=0ondQ, u>0inQ

admits a solution.
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It is clear that this result implies theorem 2. It is sufficient to remember that a
function h which satisfies (0.2) is necessarily non-negative and that a non-negative
h leads to a coercive operator A + h. The rest of this subsection is devoted to the
proof of this theorem.

We will construct a sequence of functions u. € C' (2), positive in 2, null on
the boundary of 2, such that

A _ 5
Ale 73U i 1°(Q) ase — 0. (3.11)

Ue
This will clearly prove the theorem.

We let G be the Green function of the operator A+h in Q with Dirichlet boundary
conditions. Note first that v,(x) — —oo as x approaches Q. In particular, there
exists a point 1 € Q such that ., (1) < 0. For z € Q\ {z1}, we set

_ _7331 (331) ?
0= (g
and
F(z) =G (21,7)* = 7, (21) 7 (2) -

Since F(x) — +o00 as ¢ — 1 and F(x) — —oo as x approaches 92 and since F
is continous, there exists xo such that F(xz2) = 0. We let then A = X (x2) and we
have

VAG: (1) + 71 (1) = G (w2) + VM2 (22) = 0 (3.12)
where
Gl(x) = g(l‘hl‘) ) GQ(x) =g ($2=$) ’ ’Yl(x) = Yz (:E) ) 72(1‘) = Vo ({L‘) : (313)

We let § > 0 be such that § < 10d (x1,0€) and § < 10d (z2,092). We fix n € C> (R)
such that n(r) =1 for |r| < ¢ and n(r) = 0 for |r| > 26. We set in the following

u. =730 (6G1) + (M) "2 U (AeGo)
+ 11 (jz — 21) n (21) €3V (€G1) + 1 (|2 — 22]) 72 (22) (Ae)? V (AeGa)
—n(lz — 21)) 9 (6G1) e? (x — 21)’
((1+2263) 77 0 (w0) + A1 0,G (1))
— (|2 — w2]) e (AeGa) (e)? (z — 22)’
((+ N2e2G2) 77 Dy (12) + A 20,Gy (2))

Fale =) et 6 (o) W (61) = o ()70 (26 )

1 (Jz — 22]) (Ae) ? b (AeGa) <h (22) W (AeGy) — gw (22)° U (A€G2)5>
(3.14)
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where we adopt Einstein summation conventions and U, V', W and 1. are given by

-3 s In (1472
U(r)=r(1+1%) : V() =1—(1+1%) : ce(r) =1+ Il(h;;; 9 and
W(r) = f14—3U+ 8(2U° —U)InU — 2 (U™ — 8U + 8U®) r arctan (i

(3.15)

It is easily checked that u. is C%7 in Q and that u. = 0 on Q. We claim now that
(3.11) holds for this specific u. and that u. is positive in . We shall prove this
claim in three steps. First, we can prove it rather easily in Q\ By, (20) | Ba, (29)
because, in this region, u. is simply

ue = 32U (eGy) + ()\5)7% U (AeGs) .
Now, noticing that U’ = r~3U? and that U” = —3r~%U®, simple computations
lead to

A (5*%U (cG1) + (o) 2 U (/\5G2)) +h (féU (cG1) + (Ne) P U (AeGg))
_3 (g—%U (501))5 VG + 3 (()\5)*% U()\ng))s VG|
+ he 32U (eGy) (1 -1+ 620%)_1>

+h(Ae) 2 U (AeGa) (1 ~(1+ A%Qag)*l)
(3.16)
in . In the region we are interested in, this clearly leads to
Au. + hu. — 3u? = o (u.)

which proves that (3.11) holds in this region while wu. is clearly positive in this
region.

We will now prove that (3.11) holds in By, (29) and that wu. is positive in this
ball. By symmetry, it is clear that the proof of the fact that (3.11) holds in B,, (20)
is exactly the same®. In order to simplify the notations, we will assume that z; = 0,
which we can always do by translating 2. We will denote G; by G and v; by 7.
We also set

U.=e30 (eG), V. = E%V(EG), W.=e3W (eG),

1

pe= 1 (cG), Yo = —S AU (G), U = 0) HU (AeGo) amd (317)
Zo=—cia ((1+ £2G2) 7 9y (0) + \20,Go (0)) -
With these notations, we have that, in By (20),
ue = Uz + Ue + 0 (J2]) YO Ve + 1 (|2]) e (RO)W +79(0)*Ye + Z2) . (3.18)
Let us write thanks to (3.1) that
VG " = 1-47(0)G" + 3 (27(0)* — h(0)) G2

, (3.19)
—6G'2'0;v(0) + 0 (G?)

3The symmetry is precisely the following : if we see u. as a function of z1, 2, € and A, namely
ue (z1,22,€,A), one has that uc (mg,xl, )\s,)\_l) = ue (21, 22,8, ).
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and let us also remark that
G ?2=cU?-¢%. (3.20)

Let us write thanks to (3.12) that
U. = —£57(0) + (\e)? 219,G2(0) + O (E%U;Q) ,
. . . (3.21)
V.=0(c202) wo =0 (e}) v =0 (=) and 2. = 0 (eUL )

Thanks to (3.18) and to (3.21), it is easily checked that wu. is positive in By (26).
Lengthy but straightforward computations lead then to

1
V.| = O (11 1U5> , |VVL =0 (eU2) |, [VW.| =0 (eUs) ,
£2

: (3.22)
IVY.| = O (eU.) and |VZ.| = O (s%)
in By (26) and to
AU, + hU. = 3U° — 127(0)G~U? — 18G 2" 0;v(0)U?
+187(0)*)G 72U + h(0) (e —8G ) U2 + o (Us:) ,
AU, + hU. = 302 |[VG3 ' |* + AehlU3 = O (s*) ,
AV. + hV. = 15UV, — 152U 4+ 12G'U?
+129(0) (5e'GTHUT — 4G2U?) + o (U2)
AW, + hW. = 15UW. + 8¢U® — 962U° + o (UL) , (3.23)

AY. + hY. = 15U%Y, + 30e3U7 — 30e*U2 + o (U.)
8= 0(52)
AZ. +hZ. = 15U2Z. + 18UG 1 9;v(0)2"
+15(\e)* ULa'd,Go(0) + O (sUY) + 0 (U2)
in By (20). It follows easily from the above equations that

Ae e 2
Ue e Z3US i 150 (By (26)\ By (0)) as e — 0.

Ue
It remains to prove the result in Bg (6). Thanks to (3.21), one can easily check that
G
1+ VA2 in L¥(By (5)) as € — 0 (3.24)
U. G1

so that we can write that
3u8 = 3U5 + 15U (ue — U.) + 30U2 (ue — U.)* + O (Uf e — U5|3) .
Using again (3.22), we deduce that
3u = 3U° — 15e27(0)U* + 15 (Ae)? Ua'0;Go(0)
+15y(0)U2Vz + 15U e (R(0)We + 7(0)*Yz + Z¢)

2
+307(0)2U3 (VE - a%) +o(UL)
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in By (4). Thanks to (3.21), to (3.22) and to (3.23), we can also write that

Aue +hue = 3U° +159(0) Uz + 15 (Ae) ? . U2 0;G(0)
~159(0)e 2 U2 + 15U . (h(0)We +7(0)*Y: + Zc)
+307(0)* (2e7'GUI = GT2UZ) + h(0) (* — 8G?) U
+h(0)pe (8eUZ — 9e2U?2) + 307(0)%¢. (*UL — *'U?)
+18 (p- — 1) U2|2|0iv(0)z" + 0 (Us)

Combining these two last equations, we get that
2
Aue + hu. —3u? = —307(0)? (Ug’ (VE - 8%) — 307

+o.e' UL — 271 GTHUT + GTUY)
+h(0) (*U2 — 8GT2U? + 8p.eU? — 9p.°U?) + o (Ue)
+18 (e — 1) |2]2"9;7(0)U2

It remains to remark using (3.20) that

N2
U? (V€ - 5§> — 307 + U2 — 271 GTHUT + GT2U?

= 267200 (1- p.)
2
— (142672 G

Ine?
4

= —h[l]; e%ln (1 + 5_2G_2) G2 (52 + G_2)7

:OQE)=wmm

that
e2U? — 8G72U? + 84.eU2 — 9p.U?
= (292207 +8U2) (o2 — 1)
_ 1nUZ2 I (1+e2G72) (<91 +e72672) P48 (1+2672) )
Ue
and that
(pe — 1) G '20y(0)UZ = O (11[1];2 In(1+e2G?)e?G* (1+ 6_2G_2)_2>

e <1§1> — o (U)

to conclude thanks to (3.24) that (3.11) holds in By (d) for this choice of u.. As
already said, this proves that (3.11) holds for u. given by (3.14) and this ends the
proof of the theorem. [ ]

As already said, this result implies theorem 2.
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4. APPENDIX

4.1. A general simple lemma on functions. We prove a new version of the
simple Lemma 1.1 of [8], replacing the compact manifold M by a domain  in R™.

Lemma 4.1. Let Q be a smooth bounded domain of R™. Let u € C'(Q) be a
function positive in the interior and null on the boundary. Assume that
{x €Q s.t. Vu(z) =0 and d(z,00)u?(x) > 1} #0 .

Then there exist N € N* and N critical points of u, denoted by (x1,...,xN), such
that

d(x;, 0Q)u(z;)* > 1 for all i € [1,N],

|z; — xj|u(z;)? > 1 for alli # j € [, N]
and

( min_|z; — x|) u(z)? <1

i€[1,N]
for all critical points x of u such that d(z,0Q)u(z)? > 1.

Proof of Lemma 4.1. Let C, be the set of critical points of u. Thanks to the
Hopf Lemma, it is clear that C, is a compact set of 2. We let
Ko = {x €Cy s.t. d(z,0Q)u?(x) > 1}
and we assume that Ky # 0. We let 21 € Ky and K; C Ky be such that

u(xy) = max u

and

K ={z € Ky s.t. |z1 — z|u(z)®> > 1} .
Then we proceed by induction. Assuming we have constructed Ky D --- D K, and
x1,...,Tp such that z; € K;_4 for all i € [1,p], we let 2,41 € K, and K411 C K,
be such that

w(Tpt1) = n}l{ixu
and

Ky = {x € K, s.t. |zpe1 — x|u(z,y1)? > 1 and H[lin] |l — a5 |u(x)? > 1} .
i€[1l,p
We claim that, at some step in the process, K, = (. In order to prove it, we remark
that at each step of the construction,
|zi — xj|u(r;)* > 1 for all i # j € [1,p], (4.1)
which will prove the claim, since €2 is bounded. We prove (4.1) by induction. Let
p > 1. By definition, for all x € K, we have
lz; — 2|u(z)? > 1 for all i € [1,p] .
This holds in particular for x = ;. Then, for all z € K,,, we also easily check
that
lz; — 2|u(z;)? > 1 for all i € [1,p] ,
which is also true for 11, and proves (4.1). Let N € N* be such that Ky = 0.
We claim that

( min_|z; — x|) u?(z) <1 (4.2)

i€[1,N]
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for all z € Ky which, together with (4.1), will end the proof of the lemma. Let
z € Ky. Since Ky = (), there exists p such that z € K,_1 and z ¢ K,. Then we
have either

|2y — x|u?(z,) < 1
or

min |z — z;|u(z) < 1.
i€(1,p]

In the second case, (4.2) is clearly true while in the first, using the definition of x),
we have that

2y — 2lu(@) < |2 — afud(a,) < 1,
which proves that (4.2) also holds. As already sais, this proves the lemma. |

4.2. Green function of A + h. We prove here some basic estimates on Green’s
functions of operators A + h where h is of low regularity.

Lemma 4.2. Let Q be a smooth bounded domain of R®. Let h € LP () for some
p > 3. Then there exists § > 0 such that if

Ih-lls <4, (4.3)

then the operator A 4+ h admits a positive Green function Gy which verifies the
following estimates :

1
& — ylGn(2, 1) — ] <Cle—y
w2

and

1
& = yIIVGn(z, y)| — ‘ < Clz —y|
w2

for all x # y € Q, where C is a positive constant depending only on Q, ||h||, and é.

Proof of lemma 4.2. We divide the proof into three steps.
Step 1 : A+ h is coercive if ||h—||z is small enough - Let u € H(Q). We write
that
J v+ by do = [ (9u = ha) do = [Vulf = -yl
Q Q

thanks to Holder’s inequalities. One can then use Sobolev’s embeddings and the
fact that [|h_||3 is small to conclude this first step.

Step 2 : Existence and a priori estimate - Let G(z,y) be the Green function of
the Laplacian. Then solving
Aygh('xa y) + hgh('ra y) = 63? in Q7
Gn(z,y) = 0 on 09,

is equivalent to solving

B(x,y) = 0 on 9.

Since h € LP (£2) for some p > 3, there exists ¢ > 2 such that hG(z,.) € L7 (Q).
The existence of 3 follows from the coercivity of A + h and Lax-Milgram theorem.
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Moreover, using again the coercivity of A 4+ h and Sobolev’s embeddings, we get
that

1
ZIVBIE < /Q (IVBI2 + hB2)da = /Q ~hGBdz < [|hG]1518]ls < C|[VB]l2,

for some C' > 1 depending only on [|h[,, ||h—|[z and Q. This gives an a priori
bound on |Vf||2.

Step 8 : estimates and positivity - Thanks to the previous Step, there exists
C > 0 which depends only on [|2[|, and [[h—[[3, and ¢ > 3 such that

1R(B+ Gz, )lly < C .
Now, thanks to standard elliptic theory (see for instance theorem 9.13 of [9]), we
see that § € L*° and
1Bllc < C
where C' is a positive constant which depends only on [|A[|, and [[h_]||z. This
proves the first estimate of the lemma. The second follows by standard elliptic

theory. Positivity of the Green function is an easy consequence of the coercivity of
the operator A + h. [ ]

4.3. General Pohozaev’s identities. For the sake of completeness, we derive
here several forms of the classical Pohozaev identity [11] we used in this paper.
Assume that u is a C?- solution of

Au=u®—huin Q.

Multiplying this equation by < x, Vu > and integrating by parts, one easily gets
that

1
5/ (M + h < 2, Vu? >) dz = By + Bo, (4.4)
Q
where
1 Vul|?
B; :/ (< x,Vu > 0,u + iu&,u— <z,v> [Vl )do and
o0
ub
BQZ/ <z,v>—do.
89 6
Hence, if u = 0 on 0f), we get that
1
7/ h(v®+ < z,Vu? >) de = / <z,v> (0u)’do. (4.5)
2 Jo o9

Integrating by parts again, we get the Pohozaev identity in its usual form :

/ (h i <x,Vh>> wldr = _/ <zv> (Ou)’do. (4.6)
Q 2 o0

In a similar way, multiplying the equation by Vu and integrating by parts, one can
derive the following Pohozaev’s identity :

2 6 2
/ <|Vu| v —0,uVu + ul/) do = / hv—udx . (4.7
50 2 6 o 2
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4.4. Pohozaev’s identity for Green functions. In this section, we prove a use-
ful Pohozaev identity for a sum of Green’s functions. First of all, we easily derive
the following Lemma from standard elliptic theory :

Lemma 4.3. Let 2 be a smooth bounded domain in R3. Let y € Q and let g be a
weak solution in H' () of

h
Ag+hg=————1inQ.
wa|z — y|
Then g is continuous and can be written as
h(y .
o(@) = 90) + "Lle ] 45, (2) im0 (1.8

2
where v, € C1(Q) satisfies v, (y) = 0.

Applying the previous decomposition lemma to Green’s functions, we get the
following Pohozaev identity on the regular parts of them.

Lemma 4.4. Let Q be a smooth bounded domain in R3, star-shaped with respect to
0 and let h € CY(Q) which satisfies (0.2). Let Gy, be the Green function of A + h.
Let also N € N*, xq,...,xn € Q, A\1,..., AN some positive real numbers and

N
G(z) =Y NGn(z, ;) .
i=1

Then, using lemma 4.3, we write G in a neighbourhood of x; as

i h(x;
L LG
wal|x — a4 2

G(z) = |z — x4 + i)

where m; € R and ; € C1(Q) satisfies v;(0) = 0. Then we have that

N
Z)\i (mz +2< QSZ,V’}/%(IZ) >) <0.

=1

Proof of lemma 4.4. We let ¢ > 0 be such that the B(z;,d) are disjoint and
do not intersect the boundary of 2 and we set

N
Q(;:Q\{UB(xi,é)} .

i=1
Multiplying the equation satisfied by G by < x, VG > and after some integrations
by parts, we obtain that

1
—<a,Vh>+h|G*dx
0 \2
1 o 1
= —<z,v>(|VG"+hG*) = | (¢,VG)+ =G | 0,G | do
a0 \2 2

N
1 1
— E / ( <z, V> (|VG\2 + hG2> — ((x,VG) + G) GVG) do
= JoB(x:,6) \2 2
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where v denotes the outer normal to 992 and to 9B (x;,0) respectively. Noting that

G

=0 on 99, we have that

/ (1 <az,v> (\VG|2 + hGQ) - ((m,VG) + 10) a,,a) do
o0 \2 2

1
:77/ <z,v>|VG] do <0
2 Joa

since  is star-shaped. Since h satisfies (0.2), we arrive to

N
Z/ (1 <zv> (|VG|2 + hG2) - <(x, VG) + 1G> a,,c:) do < —Cp
= JoB(x:,6) \2 2

where Cj is independent of §. It is easily checked that

/ <z,v>hG?*do —0asd—0.

In order to estimate the remaining terms, we write that

1 1
/ ( <zv> VG - ((x,VG) + G) &,G) do
OB(z:,6) \2 2

1 1
:/ ( <z —zv>|VG)P - ((m—xi,VG)—i-G) 8,,G> do
OB (z:,8) \2 2

1
+/ ( < z,v> VG = (2, VG) &,G> do .
OB(z:,6) \2

Then, thanks to the expansion of G in a neighbourhood of z;, one can easily check
that

/ (1 <x—ziv>|VG)P - ((x—xi7VG)+1G) BVG> do — ﬁmi
9B(x:,5) \2 2 2

and

as

1
/ ( < T,V > |VG\2 — (2, VG) 8,,G> do — N < x4, Vg, (x;) >
OB(z;,8)

2
6 — 0. Combining the above results gives the desired inequality. |
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