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ABSTRACT. YYY

Definition 0.1. Let Q be a smooth bounded domain of R® and h € C*(R?). We
say that (Q, h) satisfies the PohoZaev obstruction if ! is star-shaped with respect to
the origin and

h(z) + %(x, Vh(z)) > 0 for all z € Q. (0.1)

Definition 0.2. Letn €]0,1[, Q be a smooth bounded domain of R? and h € C*(R3).
We say that (Q,h) is CY"-stable if there exists §(h,Q,n) > 0 such that for all
h. € CY"(R3), ®. € CH" N Diff(R?) and p. € C*1(0N), which satisfy

[k = hellco.n +[|® = Id]|crn + [[ellcon <6
then the following problem has no solution,

Au+ hou =’ in Q.
u >0 in (0.2)
U= Qe O <I>;1 on 09

where Q. = ®.(Q).

Theorem 1. Let n €]0,1[, Q be a smooth bounded domain of R* and h € C*(R?)
such that (Q, h) satisfies the PohoZaev obstruction then (Q,h) is always C'*"-stable.

The hypothesis of this theorem are optimal in the sense that we can find a
Lipchitz perturbation of the ball which admits positve solutions, as pooved by the
following theorem

Theorem 2. There exists ®. a smooth diffeomorphims of R? closed to identity in
any CO" such that the following problem admits a solution
Au=u® in Q.
u>0in Qe (0.3)
u = @. on 0N,
where Q. = ®.(B(0,1)).

In fact, the technic work for any €2 which is axially symmetric and can probably
be extended to any domain up to a technical effort to deal with the fact that the
rescale domain is almost symmetric.

Date: Avril 2012.
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1. PRELIMINARIES

In fact a perturbation of the domain is equivalent to consider a fix domain with
a perturbed metric. That is to say, if we get a solution u of

Au+ hou =’ in Q.
u = ot o0 (1.1)
e 0 P on Of,
where Q. = &.(2). Then u. = u o d. is a solution of
Ag ues + heue = u® in Q
{ Ue = . on Of) (1.2)

where h. = h. 0o ®. and A, = —\/ﬁ@ (ggj\/|g8|aj) with g. = ®*(¢).

Then we are going to study the asymptotic behavior of sequences of solutions in
this setting. We first prove the following theorem which is an equivalent of analysis
done in section 2 of [3].

Theorem 3. Let 2 a smooth bounded domain of R®, h € CY(R3,R,), n €]0, 1],
he € CO1(R3,R), ®. € C" N Diff(R?) and p. € C*"(9N, R) which satisfy

&, — Id in CL1(R3),
he — h in CO1(Q), (1.3)
e — 0 in C%1(09Q).

Such that there exists u. € C*(Q) a positive solution of

Ag e + heue = u® in Q (1.4)
Ue = e on 0,
where g. = ®*(&). Then,there ezists ug € C1(Q) a nonegative solution of
Au+ hu =u® in Q
{ u =0 on IN (1.5)

there exist N € N, x1,...,2xy € Q and \y,...,An € R% such that, up to a subse-
quence,

N
e || cotte () — uo + Z \iGn(zi, ) in CL(Q\ {x1,...,2n})as e =0
i=1
with Gy the Green function of the limit operator A + h with Dirichlet boundary
condition on Q.

2. POINTWISE ANALYSIS AROUND A CONCENTRATION POINT

Let Q be a smooth bounded domain of R®. We consider in this section some
sequences (h),(®:),(g:), (¢e) as in theorem 3 and a sequence (u.) of positive
C?-solutions of

(2.1)

Ag ue + heue = u,‘;’ in Q
Ue = Pe on 0f)

We also assume that we have a sequence (z.) of points in 2 and a sequence (pe)
of positive real numbers with 0 < 3p. < d(z., 012) such that

Ve (z:) =0 (2.2)
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and

2
pe | sup wuc(r)| — +ooase—0. (2.3)
B(ze,pe)

We prove in this section that the following holds :
Proposition 2.1. If there exists Cy > 0 such that
|xe — ac|%uE < Cp in B(xe,3pe) , (2.4)
then there exists C1 > 0 such that
e (22)ue(z) < Ctlze — 2|71 in B(xe, 2p:) \ {z:} and
ue(22)|Vue (z)| < Chlwe — 2|72 in B(z.,2p:) \ {2}

Moreover, if p. — 0, then

1
Pt (Te)ue (e + pe) — 2l +bin CL.(B(0,2)\ {0}) ase =0

where b is some harmonic function in B(0,2) with b(0) = 0 and Vb(0) = 0.

The rest of this section is dedicated to the proof of this proposition. We follow
step by step [3].

We divide the proof of the proposition into several claims. The first one gives
the asymptotic behaviour of u. around x. at an appropriate small scale.
Claim 2.1. After passing to a subsequence, we have that

,ug%us(xs + pex) — in CL.(R?), ase— 0 (2.5)

(%)

D=

where e = u. (ch)_2.

Proof of Claim 2.1. Let . € B(z., p:) and fic > 0 be such that

1

ue(Te) = sup ue = jic 2 . (2.6)
B(ze,pe)
Thanks to (2.3), we have that
ﬂ5—>0and'?—5—>+ooase—>0. (2.7)

g

Thanks to (2.4), we also have that
|lwe = Ze| = O(fic).- (2.8)
We set for x € Q. = {x €R3s.t. T+ fiex € Q},

e(2) = i ue (3. + fica)
which verifies
Ag. i + fiZhetic = @2 in Q.
4.(0)= sup G=1, (2.9)

B(2s=iz £2)
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where he = h (Z + fiex) and §. = ge (Z- + fiex). Thanks to (2.7) and (2.8), we get
that )

B(M,’fe) S R3ase 0. (2.10)

He He
Now, thanks to (2.9), (2.10), and by standard elliptic theory (Theorem 3.13 of [4]),
we get that, after passing to a subsequence, 4. — U in C},_(R?) as ¢ — 0 where U
satisfies
AU=UnR*and 0< U <1=U(0).

Thanks to the work of Caffarelli, Gidas and Spruck [1], we know that

1

U(z) = (1 + '“”“I) .

Moreover, thanks to (2.8), we know that, after passing to a new subsequence,
’”Eﬂ_‘”f — 29 as € — 0 for some 29 € R3. Hence, since z. is a critical point of u., xg

must be a critical point of U, namely xy = 0. We deduce that % — 1 where pu,. is
as in the statement of the claim. The claim 2.1 follows. |

For 0 < r < 3p., we set

1

Pe(r) = T22/ u.do
Wal™ JoB(we,r)

where do denotes the Lebesgue measure on the sphere 0B(z¢,r) and we = 47 is the
volume of the unit 2-sphere. We easily check, thanks to Claim 2.1, that

r : , 1 T : 1 1
Ve (per) = <1 n ,;) +o(1), ¢E(MET) = 5 (1 i 7"32> (7,_2 - 3> +o(1) . (2.11)
We define r. by

re = max {r € [2V34e, pe] s.t. L (s) <0 for s € [2\/3,%77"]} .

Thanks to (2.11), the set on which the maximum is taken is not empty for ¢ small
enough, and moreover

T toase—0. (2.12)
He
We prove now the following :
Claim 2.2. There exists C' > 0, independent of €, such that
ue(z) < Cp2lze — x|t in B(z.,2r.) \ {z.},
1
|Vue(z)| < Culze — |72 in B(ze,2r:) \ {z:} and
1
IV2u.(2)| < Cul|ze — 2|72 in B(we,2r.) \ {z} .
Proof of Claim 2.2. Here we follow the proof of Lemma 1.5 and 1.6 of [2] since

contrary to [3] we get a pointwise convergence of h. to h. We first prove that for
any given 0 < v < %, there exists C,, > 0 such that

u(z) < C, (u§<12”>|xx5|<1v>+%< e ) ) (2.13)

|2 — x|
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for all x € B (z¢,2r.) and € small enough, where

ozE=< sup u8> . (2.14)
OB (ze,re)

First of all, we can use (2.4) and apply the Harnack inequality, see for instance
theorem 4.17 of [4], to get the existence of some C > 0 such that
1

ol aér(lgir) (ue + 7| Vue|) <

do < (C i 2.15
LUQT2 /é)B(wE,r) Hedo = 63}1(1;1:77') e ( )

forall0 < r < gps and all € > 0. The details of the proof of such an assertion may
be found in [2], lemma 1.3. Hence, thanks to (2.11) and (2.12), we have that

1
1 R\’
|z — 2|2 uc(z) < Ctpe(r) < Ctpe(Rpe) = C <1+R> +0(1)
3
for all R > 2v/3, all r € [Rpue, 1], all € small enough and all z € 9B (z.,r). Thus
we get that

sup |z — 2| 2uc(z) = e(R) + o(1) (2.16)
B(I57T5)\B(wE7RME)
where e(R) — 0 as R — 4o00. Let G. be the Green function of the operator A,

in © with Dirichlet boundary condition. Then, see for instance [?] , we get the
existence of some C' > 0 such that

1
|z — y|Ge(z,y) — ‘ < Clr —yl,
wo

(2.17)
and that

1
o= PIVG.e0)| - | < Cla =, (2.18)
for all z # y € Q. Weﬁx0<l/<%andweset

b, = ug(1—21/)g€(xs7 x)liy + Q. (nge(xs, x))lf
Thanks to (2.17), (2.13) reduces to prove that

Ue
sup =0(1).
B(zc,27¢) (I)E,l/ ( )
We let y. € B(xe,2r:) \ {z:} be such that
sup Ue  Ue (ys)

B(ze,2r:) (I)s,u N (be,z/(ys).

We are going to consider the several possible beahviour of the sequence (y.).
First of all, assume that

‘xe - ye|
He

—Rase—0.
Thanks to Claim 2.1, we have in this case that

pZuc(ys) — (1+R*) 77 as £ — 0.
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On the other hand, thanks to (2.16), we can write that

1 ; 1-v 1 . v
MEQ (I)e,u(ys) = (M> + O <a€,u§ <> ) + 0(1)
walTe — Yel |Te — el

1

= (Rw)" '+0 ((réag)ug(l_zy)ré(gu_l)) +o(1)
= (Rw)"™" +0(1),

if R > 0, and ,uéCI)E’,,(yE) — +oo as € — 0 if R = 0. In any case, (‘;E(iyf)) is

bounded. e

Assume now that there exists § > 0 such that y. € B(ye,re) \ B(ye, 6r.). Thanks
to Harnack’s inequality (2.15), we get that uc(y.) = O(ae) which, thanks to (2.17),
easily gives that % =0 (1).

Hence, we are left with the following situation :

|y€_$6| 0 and |x6_ye|

Te e

— tooase — 0. (2.19)

Thanks to the definition of y., we can then write that
Ay u(ye) > Ay o0 (ye)
us(ys) N (ps,u(ys)
which gives, thanks to the definition of ®. , and multiplying by |z. — y.|?, that

M aru|vgsgs($e,ye)‘35
Dou(ys) \ ©° Ge(zeyye)?

(1—2v) |vgggs(x£aya)|ga 1—v
Ge (e, ye .
gs(zs;ys)2 (33 Y )

Thanks to (2.16), the left-hand side goes to 0 as ¢ — 0. Then, thanks to (2.17),
(2.18) and (2.19), we get that

o(1) >v(l—v)+o(1)

which is a contradiction, and shows that this last case can not occur. This ends the
proof of (2.13).

|7e — ye\zua(y5)4 > |we = yelhe(ye) +v(1 —v) Ge(ze,y:)"

1
+ pé

We now claim that there exists C' > 0, independent of ¢, such that
1
ue(x) <C (ug |z — x|t + oze) in B(ze,7e) - (2.20)

Thanks to Claim 2.1 and (2.15), this holds for all sequences y. € B(z,7:) \ {2}
such that |y. — x| = O(u.) or % # 0. Thus we may assume from now that

|y€_$s| 400 and |ys_xa|

He Te
Thanks to the Green representation formula, we write with (2.17) and (2.18) that

ue(ye) = /B( )GEAgEude

+0 7“5_2/ usdo | .
OB(zc,7e)

—0ase—0.
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Here G. is the Green function of the operator Ay + he in B(z.,7.). Indeed this
operator is coercive since h > 0. It also satisfies classical estimate as (2.17) and
(2.18). This gives with (2.14), (2.15) and (2.17) that

ue(ye) = O (/ |lx — y5|*1 |Ag ue + houg| dx) + 0 (ag) - (2.21)
B(xe,re)

Using (2.13) with v = £, we can write that

1
57

/ \:cfys\*l |Ag ue + heug| da
B(xe,re)

5
:/ Ue dx—i—/ |z — ye| " tulda
Blaepue) 17— el B(ae,re)\B(2e pic)

=O<u§|ys—$g|_1) +a§rs/ |z — ye| o — 2| da
B(xe,r:)\B(ze,pe)

3 T !
+ pé |z — ye| ™ | — x| da
B(xe,re)\B(ze,pe)

1
=0 (lly — @l ") + Ola2r?) .
Thanks to (2.12) and to (2.16), this leads to
Sl g bl de < O g — ) ol
B(xe,re

which, thanks to (2.21), proves (2.20).
In order to end the proof of the first part of the claim, we just have to prove that

ae= sup u.=0 (uér;l) . (2.22)
OB(ze,re)
For that purpose, we use the definition of r. to write that
(57"6)%1/)5(67’5) > (Ta)%lbe(re)
for all 0 < 8 < 1. Using (2.15), this leads to

7'5% sup  u. | < C’(Bre)% sup  ue | -
aB(ma""s) aB(mmﬁTa)
Thanks to (2.20), we obtain that

1
( sup Ua) < B3 (ué (Bro)™t+  sup Ua) .
aB(zsﬂ"E) 83(1217"5)

Choosing /5 small enough clearly gives (2.22) and thus the pointwise estimate on u.
of the claim. The estimates on Vu, and VZu, follow from standard elliptic theory.l

We now prove the following :

Claim 2.3. Ifr. — 0 as e — 0, up to passing to a subsequence,

Tsus(xs)us(xe + rsx) — ﬁ +bin Clloc (B (07 2) \ {0}) ase—0

where b is some harmonic function in B(0,2). Moreover, if r- < pe, then b(0) = 1.
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Proof of Claim 2.3. We set, for z € B(0,2),

_1
Ue(x) = pe 2roue(ze + 7o)

which verifies

Ag. i + r2heiie = <“E) @ in B(0,2) (2.23)

Te

where h. = h(ze + rex) and g. = g(z. + rex). Thanks to Claim 2.2, there exists
C > 0 such that

i (z) < W in B(0,2) \ {0}. (2.24)

Then thanks to standard elliptic theory, we get that, after passing to a subsequence,
. — Uin CL_(B(0,2)\ {0}) as e — 0 where U is a non-negative solution of

loc
AU =0 in B(0,2) \ {0} .

Then, thanks to the Bocher theorem on singularities of harmonic functions, we get
that

|A\ +b(z)

where b is some harmonic function in B(0,2) and A > 0. Now, integrating (2.23) on
B (0,1) with respect to g., we get that

2
/ apeﬂEdUgE: ) ﬂ? dvgg,
0B(0,1) B(0,1)

where 7. is the exterior normal to dB(0,1) with respect to g..Thanks to Claim 2.2,

Ulx) =

/ r?ﬁgﬁe dvg, - 0ase—0
B(0,1)

and, thanks to Claim 2.1,

2 2\ —3
/ (lLE) W2dvg, — (1 + |x|) dr =wpase—0.
B(0,1) \Te R3 3

On the other hand, we have that
/ 895ﬂ5d0'g5 —)—LUQ)\ ase — 0.
8B(0,1)

We deduce that A = 1, which proves the first part of the Claim.
Now, if . < pe, we have thanks to the definition of r. that

Pl(re)=0.

Setting 1. (1) = ( ) Ye(rer) for 0 < r < 2, we see that

W=

1
~ rz

O (r) = / Udo =12 +r2b(0).
(r) war? aB(0,r) (©)

We deduce that b(0) = 1, which ends the proof of the Claim. [ |

We prove at last the following :
Claim 2.4. Using the notations of Claim 2.3, we have that b(0) = 0 and Vb(0) =
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Proof of Claim 2.4. We use the notation of the proof of Claim 2.3. Let us
apply the Pohozaev identity (A.1) of appendix A.2 to @, in B(0, 1), In fact we will
apply it to u® o -1 on ®.(B(®.(0),1)) and then we pull it back on B(0,1), which
gives

1 - - _
7/ r2 (hga;f + he(®.(2), V(e 0 P71 0 <1>8>) dvg, = B® (2.25)
2 JB(o,1)

(P (2), 7. 0 D)

~ 1
BE = / <(P€(x)7 v(ﬂ’ﬁ © q)g_l) o (I)6> (augae) + 7/&681/5’&’6 -
9B(0,1) 2 2

2 ~6
+/ (®.(2),7. 0 B.) (“) Le do.,
8B(0,1) Te 6

where 7. is the exterior normal of ®.(9B(0,1)) and v. and do. are respectively the
exterior normal and the volume element induced by g. on 9B(0, 1).

Thanks to Claim 2.2 and the fact that ®, goes to Id in C'", we can pass to the
limit to obtain that

1 U|?
/ (8,U)* + ~U8,U — VU 45 =0
8B(0,1) 2 2

Since b is harmonic, it is easily checked that the left-hand side is just —%(0). This
proves that b(0) = 0.

In order to prove the second part of the claim, we apply the Pohozaev identity
(A.4) of appendix A.2 to 4. in B(0,1). We obtain that

~ (I)—l (I) 2
/ (|V(’U,EO € )O El ysoq)e_l _8y5a€v (ﬂsoq)s_l) O‘be) dO'E
0B(0,1)

2
-V (od- 1) 0d 2 56
:_/ Tghg ( e O P, ) o sd’Uga_/ (Ne) k?EOQ)EdO’E,
5(0,1) 2 8B(0,1) \Te 6

where 7. is the exterior normal of ®.(0B(0,1)). Thanjs to the fact that ®. goes to
Id in O™, we can pass to the limit to obtain that

~E @71 d 2 :
/ (|V(u 0. 7) 0 & veo® ! =0, 1.V (i 0 P 7) o@s) e <|VU|
o aB(0,1)

(2.26)

2 2

Moreover, thanks to the fact that b is harmonic, we easily get that

2
/ <IVUI/ - VU@DU) do = wsVb(0) .
aB(0,1) 2

It remains to deals with the right-hand side of (2.26). It is clear that

2 ~6
/ (lja) %Pgotbada€—>0ass—>0.
8B(0,1) \ Te 6

|V (it 0 ®71) 0 ®.|%do.

v — 3,,UVU> do.
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Then we rewrite the first term of the right-hand side of (2.26) as

- V(0@ 1) 0 ®, . V(i od M) oo,
Lo ke (B0 @) 0 e oy - J IR XO) (B0 @) 0% oy,
B(0,1) B(0

€ 2
- V (e 0 ®-1) 0 @
+h5(0)/ r? (uso < ) ° Edvga.
B(0,1) 2

Since (h.) converge in C%" and ®. converge in C17, then the first term of the
right-hand side goes to 0 as € — 0. Then, integrating by parts the second term, we
get

~9

- V(G0 @) 0 ® -
hg(O)/ 2 (80 @) o “dvg, = hE(O)/ r2 kﬁg o ®.dog,
B(0,1) 0B(0,1)

2

which clearly goes to 0 as ¢ — 0. Finally, collecting the above informations, and
passing to the limit € — 0 in (2.26), we get that Vb(0) = 0 if the convergence of
(he) holds in C%", which achieves the proof of the Claim. |

We are now in position to end the proof of proposition 2.1. If p. - 0ase — 0
then we deduce the proposition from claims 2.3 and 2.4. If p. /4 0 as € — 0, then
claims 2.3 and 2.4 give that r. /4 0 as €¢ — 0. Then, using the Harnack inequality
(2.15), one can extend the result of Claim 2.2 to B(zc,2p:) \ {z.}, which proves
the first part of Proposition 2.1 when p. 4 0, and ends the proof of the whole
proposition.

3. PROOF OF THEOREM 3 AND STABILITY OF THE POHOZAEV OBSTRUCTION

In this section, we prove successively theorem 3 and theorem 1.

Proof of theorem 3:

We can assume that
ltellooc = +o0 as e — 0. (3.1)

Indeed, if (u.) is uniformly bounded, thanks to elliptic theory, u. converge in C*(£2)
to a solution ug of the limit equation, which prove the theorem.

Then the sequence (u.) develops some concentration phenomena. First in claim
in Claim 3.1, as in [3], we exhaust a family of critical points of uc, (1,,-.., TN, ¢);
such that each sequence (z;_.) satisfies the assumptions of Section 2 with

Pe = 1§i§m1\;£i76i5 {zie — @i, el, d(Ti, 0, 00)} .

In Claim 3.2, we prove that these concentration points are in fact isolated. In other
words, we prove that (u.) develops only finitely many concentration points, which
will achieved the proof of theorem 3.

Claim 3.1. There exists D > 0 such that for all € > 0, there exists N, € N* and
N, critical points of u., denoted by (z1,¢,...,xn.) such that :

d(zs 0, 0Q)uc(x;)* > 1 for all i € [1,N],
|z;e — xj,5|u5(:ci,5)2 >1 foralli#jel,N,
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and

( min |z; . — :z:|) ue(x)2 <D

1€[1,N,]
for all x € Q and all € > 0.

We define
de = min{d(z;e,xj¢), d(zic,00) st. 1 <i<j < N}
and prove :

Claim 3.2. There exists d > 0 such that d. > d.

Proof of Claims 3.1 and 3.2: see [3], the fact that metric and the boundary
are perturbed make no difference. |

Thanks to Claims 3.1 and 3.2, there exist D > 0, N € N* and N local maxima of
Ue, T1,c,--.,ZN, such that:

d(xsc, 0Q)ue (z;2)° > 1 for all i € [1,N],

Tie — @jc|uc(zic)? > 1 for all i # j € [1, N]
and

< min_|z; . — x|> us(r)> < D
i€[1,N]

for all x € Q. We can assume that u.(z; ) = +00 as € — 0. Indeed, otherwise we
can remove z; . from the family of concentration points, and up to changing D, the
assertion remains true. Moreover, the fact that the critical point of Claim 3.1 are in

fact local maxima comes from Claim 2.1. Then, thanks to Harnack inequality, there
exists C' > 0 such that

éus(zl,s) < us(zi,s) < Cus(xl,s) . (32)

Now, thanks to the results of section 2, standard elliptic theory and the fact that
A + h is coercive, we have that, after passing to a subsequence,

N
Ue (71,6 )ue () = up + Z \iGn(zi,x) in CL(Q\ {z1,...,an})as e — 0
i=1
where ug is a solution of the limit problem and Gj is the Green function of the
limit operator A + h with Dirichlet boundary condition on {2. ]

Proof of theorem 1:
Thanks to the remark of section 1 we can apply theorem 1 to u. o ®.. We can also
assume that

ltellooc = +00 as e — 0. (3.3)
else ﬁ will converge to a positive solution of the limit problem which is impossible

since the limit data satisfiePohoZzaev obstruction. Then with the notation of the
proof of theorem 3, we have

N
Ue (T1,6)Ue (T) — Z)\Zgh(mi, x) in CL.(Q\ {z1,...,zx})as e — 0
i=1
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Thanks to (3.2), we know that A; > 0 for 1 < i < N. This can be rewritten as
i

Glz) = —— + G 3.4
(@) = S + Gilo) (3.4)
where G; is a continuous function on Q\ {z1,...,2;—1,Zi+1,...,2n}. Thanks to
lemma A.2 of the appendix, we can write
h(z;
Gi(x) = Gi(x;) + 2(5 ) |z — ;| + v () (3.5)
2

where ; € C1(Q2) and 7;(0) = 0. We claim that
Gi(z;)=0forall1<i<N. (3.6)

In order to prove this, we apply the Pohozaev identity (A.1) to u. on the ball
B (x;.,0) for some § > 0 small enough. Which gives, as in (2.25),

1

7/ (hfug +he(@:(2) = De(ie), V(ue 0 D7 1) 0 (I>€>) dvg, =
2 JB(@i.0)

1
/ (e () — (I)s(xi,s)v V(ue o (I)gl)2 o®d,) (81/5“6)2 + sue0y ue doe
9B (zi..,6) 2

(be - (I)E i,€ 775 (I)e —
_/ < (.’L‘) (LL" ) Ve © >|V(UEO®51)O®E|2dUé‘
OB (x:..,5) 2

Te

pe ) y
i <E> / <(I)8(x) o ©5($i75),vs o <I>5>—5 dgsa
OB (x4,¢,0) 5

where 7, is the exterior normal of ®.(B(x;.,d)) and v, and do. are respectively
the exterior normal and the volume element induced by g. on 0B (x;¢,9).

Thanks to the fact that h. is bounded, the convergence of ®. ti Id and Proposition
2.1., we get the uniform estimate

1

2 / (heu? + he(Pe(w) — @c(zi), V(ue 0 @71)? 0 o)) duy,
2 JB(wi...0)

2 < 0(9).

Ug (aji,e)

Using (3.4), we get that

%1
/ (5 (8VU5)2 -9 ‘vu | + u&‘al/u{;‘> do + / éug do
OB(x:...0) 2 2 9B(:...6) 0
2
= u, (xl,s)”/ (5 (8,G)? — 51VGl
0B (21,5 2

Using (3.5), we easily get that

+ ;G&,G> do + o (u (xi,g)”) .

G2 1 1
/ <5 (8,G)* — 5|V | + GBVG> do=—-X\G;(z;) +o(l)asd = 0.
OB(x1,6) 2 2 2

Collecting the above informations, we prove (3.6).

We are going to prove now that V+; (z;) = 0 where v; is as in (3.5). This will
contradict lemma A.3 of appendix A.3 and will achieve the proof of the theorem.
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For that purpose, we apply the Pohozaev identity (A.4) to u. on the ball B (x; ., d)
for some 0 > 0 small enough.

\V/ - Hod
/ (| (weo 2z )o E(Veoq)g)_aygusv(usO(I)el)oq)€> doe
0B(z;,,6)

2

. (I)_l 2 (I)E 6
:_/ hEV(u 0®71)%0 dvgi_/ k(jsoq>€)d057
2
B(x;,e,0) OB(x;,¢,0)

where 7, is the exterior normal of ®.(B(x;.,0)) and v. and do. are respectively the
exterior normal and the volume form of 0B(x; ,d) with respect to g.. It is clear
that we can pass to the limit in the left-hand side. Moreover, thanks to (3.6) and
(3.5), we have that

(3.7)

VG
/ <|1/ - VG@VG) do — Vv (x;) as § — 0.
0B(x:,8) \ 2
Now we look at the right-hand side of (3.7). It is clear that
Ug (xi,s)Z/ u?(lZoCI)E)dJE—)OaS&t%O.
6B(Ii15,6)

Then we write that

/ th(uE 00 ) o dvg, dv,, =
2 € €
B(Ii’5,5)

V(ue o <I)E_1 20®,
[ e nan o T2t o R gy, (38)
B(.’L‘jys,é)

1269
Jrhs(:vi,s)/ Viue o 25 )"0 ®. dvg. .
B(a:i,a,é)

Since the convergence of h. to h holds in C%7, it is clear that the first term of the
right-hand side goes to 0 as ¢ — 0. Integrating by parts the second term, we get
that

. (I)_l 2 (I)E 2
hg(xi,g)/ V(ue 0@, 7)o dvg. = hg(xi,g)/ &(750 .)doy,,
B(zi...0) 2 OB(z:...0)

2
—>h(3:z)/ G—Vdo
OB(z:,6) 2

as € — 0. It is easily checked that the above goes to 0 as § — 0.

Finally, collecting the above informations, and passing consecutively to the limit
e — 0and § — 01in (3.7), we get that Vv;(z;) = 0 for all 4, which achieves the proof
of theorem 1 thanks to lemma A.3. |

(3.9)

4. COUNTEREXAMPLE

In this section, we construct a non-stars shaped domain which admits a posi-
tive solution, moreover this domain will be as closed as we want to a ball in any
C%“_topology to the unit ball. The main idea is to glue a little domain on which
there exists a solution. This will done controlling C%!-norm with respect the unit
ball, which is an almost optimal bounded since such a construction is impossible
controlling the C1**-topology, for any «, thanks to theorem 1. We will follow the



14 OLIVIER DRUET, EMMANUEL HEBEY, AND PAUL LAURAIN
idea of [6] and we refers to it for details.

Proof of theorem 2:

We start by defining the domain that we will glue to B(0,1), in fact we will glue
a fixed domain to B (0,1) and then rescale the ambient space. Hence the none star
shaped domain which will glue is defined as follow

b @ue)

] =

1 1
P., = {(m,y7z) st. ——e<z<-+1land y?+22<
€ €

1 1 1
BE _B(<€+2,070) 74>7

1 1 1 r2
C&n {(Ivyaz) s.t. g+§§x§g+1a y2+22§41}-

where
and

Then we smooth the vertex of F; ,, in order that
~ 1
Qs,rl =B (07 &‘) ) PE,’I‘lv

be a smooth domain. Hence, we have the following picture.

T1

[
<>

«-F->

e--—f-=-=-=>

FIGURE 1. Q.

Then, we easily prove that there exists ®. a diffeomorphism form B (0,1) to
Qem whose gradient’s norm can be bounded independently of €.
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Finally we set,
Qe ry = Qe ry .

Then, Q. ,, is diffeomorphic to B(0, 1) via e®, (é), which is bounded, independently
of e, in WH1(B(0,1)). Hence the end of this section is devoted to prove that Au = u®
admits a positive solution with Dirichlet boundary data on 2. ,, when r; is taken
small enough.

To reach that goal, we are going to minimize the functional E(u) = [,  [Vu|?dv
&,7]

over
H*={u€ H} (%) st /
' Q

where

H;O(QE,,.I) ={u € Hy(Qyr,) st. u(z,,T(y,2)) = u(z,y,z) ae. forall T € O(2)}

quvlandg(u)21+;}

e,

and

g(u):/ 2lul dv.

This is the space of H} function which are radial with respect to the z-axis and
whose first coordinate of the ” center of mass” is greater than 1 + 5. In particular
their center of mass doesn’t lie in €2 ,,. It will be also convenient to consider the
subspace of functions of H* whose first coordinate of the ” center of mass” is exactly
14 5, hence we set

H5 — {u € H}o(Qer,) st /
Q

Step 1:

udv =1 and g(u):l—l—;}

e,71

S* =inf{E(u) s.t. ue H*} > S
and
S5 = inf{E(u) s.t. ue H'*5} > §

where and S is the inverse square of the best constant of the Sobolev
embedding of H} into L°.

In fact, it is well known that S is independent of the domain and it is achieved
only on R?, see chapter 1 of [8]. Then S is achieved by the following family of
functions

Az
Uuale) =0 —— 1
( A2 4 Lz 3yl )

where y € R? and ) is a positive real. For the rest of this section, we fix the constant
C in dormer to ||Uy 4|l = 1.

The proof of Step 1 relies on the concentration compactness principle of Lions, see
[5] or chapter 1 of [8], which assert that if we have U,, € HZ () such that ||U,|l¢ = 1
and

/ |VU,|?dv — S as — 400,
Qo
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then it should exists to sequences z,, €  and A, € R, such that
l|tn — Ufcn,AnHG — 0,
but here by symmetry the x,, should be on the x-axis with g(z,,) > 1+ § that is to

say not in ). ,,, which is a contradiction and proved the first step.

Step 2: For r; small enough, there exists V. € H* such that E(V,) <
min (28, 517%).

Indeed, let y. = (1 + %,0,0)7 then considering Uy = U,,_ », by definition we
have, for A small enough,

U/\ £ .
E M < gmin (25’ 51+§) )
HU>\|B(y5,1L6)||6 3

Let i : Q¢ — [0,1] a smooth radial function with respect to the z-axis such
that, in cylindrical coordinates,

13 15
n(z,r,&):lif1+1—6€§x§1+l—6€and2r15§r§

and

FIGURE 2. place of concentration of nU)

Then nU, € H* and choosing r; small enough, we have

nU\ ) . 14+£
EFl—— | <min (25,5 72).
(mm ( )



XXX 17
Hence nU, is the desired function.
Step 3: S* is achieved by U, € H*.

As a consequence of Step 1 and Step 2, we have S* € |S,2S5[. Then thanks to
standard compactness result, see theorem 3.1 of chapter 3 of [8], we know that
for any Palais-Smale sequence U,, of E on {u € H}(Q) s.t. |lull¢ = 1} there exists
uo € H1(Q) a critical point of E under the constraint to be in H* and some sequences
al, - ,ap € Qand AT, -+, A} € Q2 such that, up to a subsequence, we have

k
v (Un — UOZUCLW>

=1

— 0.
2
Then, since our minimizing sequence isa Palais-Smale sequence and since its limit
energy is strictly between S and 25, it can’t develop any bubble, and then converge
strongly to Uy € H*.

Step 4: Uj is a solution of our problem.

Indeed, the constraint on g(u) doesn’t play any role in the Lagrangian multiplier
since $* < S'*2 and hence 1+ £ < g(Up) < 1+ &. Moreover,

/ (Vo,VU) dv = / oUS dv
for all ¢ € H*, then we have
AUy = U

using the fact that A=!(u) € H* for any v € H*. Finally, we check that Uy is
positive up to replace U,, by |U,| and using the maximum principle.

APPENDIX A. SOME TECHNICAL RESULTS

A.1. A general simple lemma on functions.

Lemma A.1. Let Q be a smooth bounded domain of R™. Let u € C'(Q) be a
function positive in the interior and null on the boundary. Assume that

{z € Q s.t. Vu(z) =0 and d(x,0Q)u?(z) > 1} #0 .

Then there exist N € N* and N critical points of u, denoted by (x1,...,2N), such
that

d(zi, 0)u(x;)? > 1 for all i € [1, N],
|2; — xj|u(z:)? > 1 for all i # j € [1, N]
and
<iemuif}v1 i = z') u@)” <1

for all critical points x of u such that d(z,0Q)u(z)? > 1.

Proof of Lemma A.1: see [3]. |
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A.2. General Pohozaev’s identities. In this section we remind some classical

Pohozaev identities, see [7], we used in this paper. Assume that u is a C2- solution
of

Au=u®—huin Q.

Multiplying this equation by < x, Vu > and integrating by parts, one easily gets
that

1
5/ (hu® + h < 2, Vu? >) dz = B, (A1)
Q
where

v 2
B= <<xVu>8u+ —ud,u— <x1/>| u|>
0 2

ub
+/ <z, v>—do.
o0 6

Hence, if ©w = 0 on 02, we get that

1
f/ h(v’+ < z,Vu® >) de = / <zv> (8u)do. (A.2)
2 Ja o9
Integrating by parts again, we get the Pohozaev identity in its usual form :
h
/ (h + <x,V>> ulde = 7/ <z,v> (Bu)’do. (A.3)
Q 2 )

In a similar way, multiplying the equation by Vu and integrating by parts, one can
derive the following Pohozaev’s identity :

2
/ <|Vu| v —0,uVu + 1/) do = / h—d (A.4)

A.3. Pohozaev’s identity for Green functions. In this section, we prove a
useful Pohozaev identity for a sum of Green’s functions. First of all, we easily derive
the following Lemma from standard elliptic theory :

Lemma A.2. Let § be a smooth bounded domain in R3. Let y €  and let g be a
weak solution in H' () of

h
Ag+hg=—F——in Q.
walz =y
Then g is continuous and can be written as
h(y .
o(@) = o) + "Wja — g 13y @) in 0 (A5)

where vy, € C1(Q) satisfies v, (y) = 0.
Applying the previous decomposition lemma to Green’s functions, we get the
following Pohozaev identity on the regular parts of them.

Lemma A.3. Let Q be a smooth bounded domain in R3, star-shaped with respect
to 0 and let h € CY(Q) which satisfies (77). Let Gy, be the Green function of A + h.
Let also N € N*, x1,...,zn € Q, A\i,..., AN some positive real numbers and

N
=3 XiGn(x, ;)
i=1
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Then, using lemma A.2, we write G in a neighbourhood of x; as

=— it Al - i
Gla) = oy e+ Ao — il + 70
where m; € R and v; € C1(Q) satisfies v;(0) = 0. Then we have that
N
Z)\z (mz +2< a:l,V%C?(xz) >) <0.
i=1
Proof of lemma A.3: see [3]. |
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